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, Abstract 

' We consider the generalized Korteweg-de Vries equation 

dtu + dlu + d^iu") ^ 0, {t,x)eR^, 



in the supercritical case p > 5, and we are interested in solutions which converge to a soliton in 
■ large time in . In the subcritical case (p < 5), such solutions are forced to be exactly solitons 

by variational characterization [Tl[l9], but no such result exists in the supercritical case. In 
this paper, we first construct a "special solution" in this case by a compactness argument, i.e. 
^ ■ a solution which converges to a soliton without being a soliton. Secondly, using a description 

of the spectrum of the linearized operator around a soliton [17|. we construct a one parameter 
family of special solutions which characterizes all such special solutions. 



(SI 1 Introduction 
> , 

^ ! 1.1 The generalized Korteweg-de Vries equation 
OO . 

■ We consider the generalized Korteweg-de Vries equation: 

■ where {t, x) E and p ^ 2 is integer. The following quantities are formally conserved for solutions 



X 



of HgKdVP : 



u^it) ^ J u^{0) (mass), (1.1) 
EHt)) ul{t) - / u^+\t) = E{um (energy). (1.2) 



27 P+l 



Kenig, Ponce and Vega [9] have shown that the local Cauchy problem for ( gKdV[ ) is well posed 
in iJi(M): for uq £ H^(IR), there exist T > and a solution u € C°{[0,T], H'^{R)) of dgKdVD 
satisfying u{0) = uq which is unique in some class Yt C C°{[0,T], H^{R)). Moreover, if T* ^ T 
is the maximal time of existence of u, then either T* — +oo which means that u{t) is a global 
solution, or T* < +co and then ||w(i)||^i +oo a.s t \ T* {u{t) is a finite time blow up solution). 
Throughout this paper, when referring to an solution of ( |gKdV[ ), we mean a solution in the 
above sense. Finally, if uq G 77^(R) for some s > 1, then u{t) e H^IR) for all t e [0,T). 

In the case where 2 ^ p < 5, it is standard that all solutions in are global and uniformly 
bounded by the energy and mass conservations and the following Gagliardo-Nirenberg inequality: 

p— 1 p+3 

Vv e H\R), J Iv^' ^ CGN(p)(y' vl^ ' v^^ ' (1.3) 
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with optimal constant Cgn(p) > 0. In the casep = 5, the existence of finite time blow up solutions 
was proved by Merle [16] and Martel and Merle [H]. Therefore p — 5 is the critical exponent for 
the long time behavior of solutions of ( |gKdV[ ). For p > 5, the existence of blow up solutions is an 
open problem. 

We recall that a fundamental property of equations | |gKdV[ ) is the existence of a family of 
explicit traveling wave solutions. Let Q be the only solution (up to translations) of 



> 0, QeH' (K), Q" + QP = Q, i.e. Q{x) = 



p+1 



.2 (P_l. 



Note that Q is the unique minimizer of the Gagliardo-Nirenberg inequality l|1.3p (see [2] for the 
case p = 5 for example), i.e. for v G H^{M.): 

\\v\CpIi = CGN{p)\Kff\\v\ff ^ 3(Ao, ao, 6o) e «; x M x M : v{x) = aoQ{Xox + bo). (1.4) 

For all Co > and xq e M, Rcg.x„it, x) — Qco{x ~ xq ~ cqI) is a solution of ( |gKdV[ ), where 

1 

We call solitons these solutions though they are known to be solitons only for p = 2,3 (in the 
sense that they are stable by interaction). 

It is well known that solitons are orbitally stable (see definition 12. 7p for p < 5 and unstable 
for p > 5. An important fact used by Weinstein in [19] to prove their orbital stability when 
p < 5 is the following variational characterization of Qcg : if u is a solution of ( |gKdV[ ) such that 
E{u) = E{Qcg) and J — J Qcg for some cq > 0, then there exists a;o S K such that u = Rco,xo- 
As a direct consequence, if now u{t) is a solution such that 

lim inf ||u(t)-Qco(--2/)llHi(E) =0 (1.5) 

{i.e. u converges to Qco in the suitable sense), then u = Rco,xo- For p = 5, the same is true for 
similar reasons (see [20]). 

In the present paper, we focus on the supercritical case p > 5. Some asymptotic results 
around solitons have been proved: orbital instability of solitons by Bona et al. [1] (see also [7]) 
and asymptotic stability (in some sense) by Martel and Merle [l^ for example. But available 
variational arguments do not allow to classify all solutions of dgKdVP satisfying Ijl.Sp . In fact, 
in section [3l we construct a solution of ( |gKdV[ ) satisfying l|1.5p which is not a soliton (we call 
special solution such a solution). In section IH by another method, we construct a whole family of 
such solutions, and we completely characterize solutions satisfying l|1.5p . This method is strongly 
inspired of arguments developed by Duyckaerts and Roudenko in |5], themselves an adaptation of 
arguments developed by Duyckaerts and Merle in [1]. For reader's convenience, we recall in the 
next section the results in related to our paper. 

1.2 The Non-Linear Schrodinger equation case 

We recall Duyckaerts and Roudenko's results for IjNLSp . They consider in [5] the 3d focusing cubic 
non-linear Schrodinger equation: 

jidtu + Au+lui^u^O, (a;,i)eR^xM, 
jw|t=o = woei/i(R')- 

This equation is ij^^^-critical, and so L^-supercritical like | |gKdVP for p > 5, while [4] is devoted 
to the if ^-critical equation. Similarly to | |gKdVP , (|NLSp is locally well posed in H^, and solutions 
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of IjNLSp satisfy the following conservation laws: 



SnlsNW=2 J \^^i^^*)\^dx~ - J \u{x,t)fdx^ Enls[u]{0), 
MnlsNW = J \uix,t)f dx = MnLsMiO). 

Moreover, if Q is the unique (in a suitable sense) solution of the non-linear eUiptic equation 
-Q + AQ+ \QfQ = 0, then e'*Q{x) is a soliton solution of l|NLS]l . 

Theorem 2 in [5j states the existence of two radial solutions Q'^it) and Q~{t) of l|NLSp such that 
Mnls[Q+] = A/nls[<3"] = Mnls[<9], £^nls[(3+] = E^i^siQ'] = ^^nls[Q], [0, +oo) is in the time 
domain of definition of Q'^it), and there exists eo > such that: Wt ^ 0, — e**(5||^i < 

Ce~'^°*. Moreover, Q~(t) is globally defined and scatters for negative time, and the negative time 
of existence of Q^lt) is finite. 

They also prove the following classification theorem [U theorem 3]: 

Theorem ({S]). Let u he a solution of l|NLSp satisfying i?NLs['"]-A^NLsM ~ -BNLsiQl-^'^NLslQ]- 

(a) // II Vuo||^2 ||wo|li2 < II VQ 1 1 ^2 1 1 (511^2, then either u scatters oru^Q^ up to the symmetries. 

(h) 7/ ||Vuo|Il2 II'"o|Il2 = II^QIIl^IIQIIl^; thenu = e^*Q up to the symmetries. 

(c) If II VMo||i2 ||wo|Il2 > II VQ 1 1 ^2 1 1 (911^2 and uq is radial or of finite variance, then either the 
interval of existence of u is of finite length or u = up to the symmetries. 

In particular, if limt^+oo — e**(9||j:^i = 0, then u — e^^Q, or Q~ up to the symmetries. 

Among the various ingredients used to prove results above, one of the most important is a sharp 
analysis of the spectrum cr (nls) of the linearized Schrodinger operator around the ground state 
solution e**Q, due to Grillakis [6j and Weinstein [Hj. They prove that f7(NLs)nlR = {— eg, 0, -|-eo} 
with eo > 0, and moreover that eo and — eo are simple eigenvalues of nls with eigenfunctions y^^^ 
and y^^^ = J^;^'"^. This structure, which is similar for ( |gKdV[ ) according to Pego and Weinstein 
[T7] . will also be crucial to prove our main result (exposed in the next section). 



1.3 Main result and outline of the paper 



In this paper, we consider similar questions for the I jgKdVp equation in the supercritical case 
p > 5. Recall that similarly to the (|NLSp case, Pego and Weinstein have determined in [T7] the 
spectrum of the linearized operator around the soliton Q{x — t): a{) HM. — {— eo,0, +eo} with 
eo > 0, and moreover eo and — eo are simple eigenvalues of with eigenfunctions y+ and which 
are exponentially decaying (see proposition 14.21 and corollary 14. 4p . We now state precisely our 
main result: 

Theorem 1.1. Let p > 5. 

1. (Existence of a family of special solutions). There exists a one-parameter family (C^"*)^gR 
of solutions of ( jgKdVP such that 

lim \\U^{t,-+t)-Q\\„, =0. 

Moreover, for all A G R, there exists t^ = tQ{A) e R such that for all s £ R, there exists 
C > such that 

Wt^to, \\U^it,- +t) - Q - Ae-'^'y+W^^, s$Ce-2e«*. 

2. (Classification of special solutions). If u is a solution of ( jgKdVP such that 

lim inf ||u(i)-Q(--y)||Hi =0, 

t— »-t-oo yGK 

then there exist A G R, io G R and xo G M such that u[t) — U^{t, ■ — xq) for t ^ to. 
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Remark 1.2. From theorem ll.il there are actually only three different special solutions up 
to translations in time and in space: U^, U^^ and Q{- — t) (see proposition l4.12p . This is of course 
related to the three solutions of IjNLSp constructed in [5]: Q^{t), Q~{t) and e'*Q. 

From section [475j we can chose the normalization of 3^± so that for ^ < 0, ||9a;J7'*||^2 < IIQ'IIls. 
Then U~^{t) is global, i.e. defined for all i g R. It would be interesting to investigate in more 
details its behavior as i — > — oo. On the other hand, the behavior of U^{t) is not known for t < to. 

Remark 1.3. By scaHng, theorem ll.ll extends to Qc for all c > (see corollarv 14. Ill at the end 
of the paper) . 

The paper is organized as follows. In the next section we recall some properties of the solitons, 
and in particular we recall the proof of their orbital instability when p > 5. This result is well 
known [1] , but our proof with an explicit initial data is useful to introduce some suitable tools to 
the study of solitons of | |gKdV[ ) (as modulation, Weinstein's functional, monotonicity, linearized 
equation, etc.). Moreover, it is the first step to construct one special solution in section [3] by 
compactness, similarly as Martel and Merle |15]. This proof does not use the precise analysis of 
the spectrum of due to Pego and Weinstein ^7\, and so can be hopefully adapted to equations 
for which the spectrum of the linearized operator is not well known. To fully prove theorem 
11.11 (existence and uniqueness of a family of special solutions, section [4]), we rely on the method 
introduced in [4J and \5\. 

Acknowledgements. The author would like to thank Nikolay Tzvetkov for suggesting the prob- 
lem studied in this work, and for pointing out to him reference [TT]. He would also Hke to thank 
Luc Robbiano and Yvan Martel for their constructive remarks. 

2 Preliminary results 

We recall here some well known properties of the solitons and some results of stability around 
the solitons. We begin by recalling notation and simple facts on the functions Q{x) and Qc{x) — 
Q{^/cx) defined in section fTTl 

Notation. They are available in the whole paper. 

(a) (•, •) denotes the L^(R) scalar product, and _L the orthogonality with respect to (•, •). 

(b) The Sobolev space H" is defined by if"(K) = {u G ^'(M) | {I + (,^Y''^u{C) e i^(M)}, and in 
particular H^{m.) = {u e ^^(M) | \\u\\\^ = + \\u'\\l, < +00} ^ L°°{R). 

(c) We denote -^v — dxV = Vx the partial derivative of v with respect to x, and 9^ = 9* the 
s-order partial derivative with respect to x when no confusion is possible. 

(d) All numbers C, K appearing in inequalities are real constants (with respect to the context) 
strictly positive, which may change in each step of an inequality. 

Claim 2.1. For all c > 0, one has: 

(i) Qc > 0, Qc is even, Qc is C°° , and Q'c{x) < for all x > 0. 

(ii) There exist Ki,K2 > such that: Vx G M, Kie-^\^\ Qc{x) ^ Xae^^l"^!. 

(Hi) There exists Cp > such that for all j ^ 0, Qi-'\x) ~ CpC^^'^l when \x\ — > +00. 

In particular, for all j ^ 1, there exists Cj > such that: Va; G M, |(5i"'''(x)| ^ Cje^^'^l. 
(iv) The following identities hold: 

JqI=c^Jq' , J{Q'cf=c^jQ". (2.1) 
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2.1 Weinstein's functional linearized around Q 

We introduce here the Weinstein's functional F and give an expression of F{Q + a) for a small 
which will be very useful in the rest of the paper. We recall first that the energy of a function 
V? € -ffMs defined by E{^) = i / {d^^f " ^ / 

Definition 2.2. Weinstein's functional is defined for if e by F{if) = E{(p) + ^ J ■ 

Claim 2.3. If uq £ and u{t) solves ( |gKdV[ ) with u(0) = uq, then for all t e [0, T*), F{u{t)) = 
F{uo). It is an immediate consequence of l|l.ip and l|1.2p . 

Lemma 2.4 (Weinstein's functional Hnearized around Q). For all C > 0, there exists C > such 
that, for all a £ verifying |la||^i ^ C, 

F{Q + a)^F{Q) + ^{La,a) + K{a) (2.2) 

where La = —d'^a + a — pQ^^^a, and K : ^ M. satisfies \K{a)\ ^ C"||a||'^i . 
Proof. Let a G be such that ||a||jLfi ^ C. Then we have 

E{Q + a) = \j (Q' + d^af - -L- J (Q + ar+' 

= E{Q) + IJ {d.af + jQ'-d,a- ^ J {p + l)QPa + (P+^)P QP-ia^ + R^a) 
= E{Q) + IJ [d.af -Jqa-^J QP-'a' " ^ / 

since Q" + Qp = Q, and where i?(a) = ^^^3 (P+i)QP+i-'=a'=. Since ||a||^ < C'l|a||^i ^ C, then 
\R{a)\ s; C|a|3 C||a||^ jap, and so K{a) = / R{a) verifies |if(a)| s: C"|la|l^i. Moreover, 

we have more simply: J {Q + af ^ J Q'^ + J a'^ + 2 J Qa. Finally we have 

F{Q + a) = F{Q) + lja' + lj {d.,af j Q^-^a^ + K{a). □ 

Claim 2.5 (Properties of L). The operator L defined in lemma is self-adjoint and satisfies 
the following properties: 

(i) First eigenfunction: LQ^ = —XqQ^ where Aq = jip^ !)(?' + 3) > 0. 

(a) Second eigenfunction: LQ' — 0, and kerL = {AQ' ; A e K}. 

(Hi) Scaling: If we denote S = , then S{x) — -^^jQix) + hxQ'{x) and LS = —Q. 

^ c—l P 

(iv) Coercivity: There exists (Tq > such that for allu e _ff^(]R) verifying {u,Q') = (u,Q^)^0, 

one has {Lu,u) ^ ctoII'^IIls- 
Proof. The first three properties follow from straightforward computation, except for kerL which 
can be determined by ODE techniques, see [181 proposition 2.8]. The property of coercivity follows 
easily from (i), (ii) and classical results on self-adjoint operators and Sturm-Liouville theory. □ 

Lemma 2.6. There exist Ki, K2 > such that for all e G i?^ verifying eJ-Q' : 

Proof. By claim [2751 we already know that there exists ctq > such that for all e satisfying eJ-Q^" 

and sl-Q' , we have (Le,e) ^ cro||e||^2. The first step is to replace the norm by the one in 

p+i 

this last inequality, which is easy if we choose ctq small enough. If we do not suppose e_LQ^~, 
we write e ~ £1 + aQ^ with a = {J eQ^)[J Q^^^) such that £i_LQt~ for the scalar 

product, but also for the bilinear form (L-, •) since is an eigenvector for L. Since 

we obtain easily the desired inequality from the previous step. □ 
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2.2 Orbital stability and decomposition of a solution around Q 

In this paper, we consider only solutions which stay close to a soliton. So it is important to define 
properly this notion, and the invariance by translation leads us to consider for e > the "tube" 



inf ||u-gc(--2/)||^i <e}. 



Definition 2.7. The solitary wave Qc is (orbitally) stable if and only if for every £ > 0, there 
exists 6 > such that if uq £ Us, then the associated solution u{t) e for all t e M. The solitary 
wave Qc is unstable if Qc is not stable. 

Theorem 2.8. Qc is stable if and only if p < 5. 

Remark 2.9. 1. This theorem is proved by Bona et al. p[] for p ^ 5 and by Martel and Merle 
^12j for p = 5. Nevertheless, we give an expHcit proof of the instability of Q when p > 5 {i.e. 
we exhibit an explicit sequence of initial data which contradicts the stability) which will be 
useful to construct the special solution by the compactness method (section [3]) . 

2. An important ingredient to prove this theorem is the following lemma of modulation close 
to Q. Its proof is based on the implicit function theorem (see for example [U lemma 4.1] for 
details) . The orthogonality to Q' obtained by this lemma will be of course useful to exploit 
the coercivity of the bilinear form (i-, ■). Finally, we conclude this section by a simple but 
useful lemma which describes the effect of small translations on Q. 

Lemma 2.10 (Modulation close to Q). There exist Eq > 0, C > and a unique map a : 
— > R such that for every u e Ue„, £ = u(- + ol{u)) — Q verifies 

(e,g')=0 and\\e\\„^ C inf ||m - g(- - y)|| „i ^ Ceq. 

Lemma 2.11. There exist /lo > 0, > and /3 > such that: 

(i) if \h\ < ho then f3h^ ^\\Q-Q{- + h)\\%, 4/3/i2, 

(ii) if \h\ > ho then \\Q - Q{- + /i)||^i > Ao. 
Proof It is a simple application of Taylor's theorem to / defined by /(a) — \\Q — Q{' + 



□ 



2.3 Instability of Q for p > 5 

In this section, we construct an expHcit sequence {uo,n)n^i of initial data which contradicts the 
stability of Q: 

Proposition 2.12. Let UQ^n{x) — A„(5(A^x) with A„ = 1 + ^ for n > 1. Then 



Q' 



-E(uo,n) < E{Q) and \\uo,n - QH^i 



0. 



(2.3) 



Proof. The first and the last facts are obvious thanks to substitutions and the dominated conver- 
gence theorem. For the energy inequality, we compute E{uo,n) — -f- J Q'^ ~ '^+r J Q^^^ ■ But 
2 / Q'2 = / QP+i by Pohozaev identities, and so 



E{uo,n) - E{Q) = 



p-l 



(K - 1) - iK-' 1) 



1 



E 

.fc=2 



J3- 1 /4 



p-l 
k 



P+1 

— -T 



fe=5 



Q 



p-\\ 1 



P+1 



Q 



p+1 



To conclude, it is enough to show that (^j,^) > ^^(t) f^^' ^ ^ {2,3,4}, which is equivalent to 
show that (^1^) = ^Cfc^) > = (fc-i)' ■^l^ich is right since p > 5 and A: > 1. □ 
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Remark 2.13. We do not really need to know the explicit expression of uo,ti to prove the in- 
stability of Q: initial data satisfying conditions l|2.3p and decay in space would fit. For ex- 
ample, we could have chosen A„ = 1 — so that conditions l|2.3p hold for n large (in fact 

E{uo,n) - E{Q) - ^^"p^l^"^' / gP+i • < as n ^ -foo in this case). 

Theorem 2.14. Let u„ he the solution associated to uo,n defined in proposition \2.12l Then 

36 > 0,Vn ^ 1,3T„ e M+ such that inf ||m„(T„) - Q(- - > 6. (2.4) 



• We prove this theorem by contradiction, i.e. we suppose: 



Ve > 0,3no ^ l,Vt G K+, inf ||w„„(i) - Q(- - j/)||^i s: e, 

and we apply this assumption to Eq given by lemma [2.101 Dropping no for a while, the situation 
amounts in: 

[ ul^ [ Q\ E{un) < E{Q) and Vt G M+, inf \\u{t) - Q(- - y)\\„, ^ Eq. 
J J y6R 

The last fact implies that u{t) G for all t G K_|_, so lemma [2. 101 applies and we can define x{t) = 
a{u{t)) which is by standard arguments (see [T^ for example), and s{t, x) = u{t, x+x{t)) — Q{x) 
which verifies {e{t),Q') — and ||e(i)||jyi ^ Ceq for all t G M+. Note that x{t) is usually called 
the center of mass of u{t). Before continuing the proof, we give the equation verified by e and an 
interesting consequence on x'. 

Proposition 2.15. There exists C > such that 

et - (Le), = {x'{t) ~ l)(g + e), + i?(£), 
where \\R{e{t))\\j^i ^ C||£(t)||^i. As a consequence, one has: \x'{t) — 1| ^ C'||£(<)||^i . 
Proof. Since u{t, x) — Q{x — x{t)) + e{t, x — x{t)) by definition of e and —dtu — d^u + dxiu'^), we 

x'{t){Q + e)^ -et = Qxxx + e^^^ + (QP)^ + p{QP-^e)^ + R{e) 



obtain 
where 



kQ 



ll^lloo ^ C'||e||j:^i < Ceo, we have |i?(e)| ^ C\e\^ + C'\exs\, and so R{e) is such as expected. 
Moreover, since La — —a^x + a — pQP~^a and Q" + Q'' — Q, we get 



-et 



{Qnx-x'{t){Q- 



R{e) 



and so -et + {Ls)^ ^ Qx - x'{t){Q + e)^ + e^; + R{£)- 

To obtain the estimate on a;', we multiply the equation previously found by Q' and integrate. 
Since {st, Q') = (e, Q')t — 0, it gives with an integration by parts: 



{Le)Q" = {x' - 1) / (Q'2 + e^Q') + / R{e)Q' 



Since L is self-adjoint, we can write {x' — 1) / {Q'^ + £xQ') — f {LQ")e — f R{e)Q' . Now, from 
1/ £xQ'\ ^ l|ea;|lL2||(5'||2,2 sj; IkllHillQlli^ < C£o||Q'|lz,2, we choose Eq small enough so that the 
last quantity is smaller than i / Q'^ ; and so we have 



\x'-l\ € 



J {LQ")e 



R{£)Q' 



As LQ" G L2(M) and Q' G L°°(M), then following the estimate on i?(£), we obtain the desired 
inequality by the Cauchy-Schwarz inequality. □ 
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• Return to the proof of theorem 12.141 and now consider 

C(x)= r (s{y) + PQ'-^{y))dy 

for 2: S R, where S is defined in claim 12.51 and (3 will be chosen later. We recall that S{x) — 
j^Q{x) + ^xQ'{x) verifies LS — ~Q, and in particular S{x) — o(e^l^l/^) when \x\ +00, since 

Q{x),Q'{x) ~ Cpe~l^l (see claim \2A^ . By integration, we have Ci^) — o(e^/^) when x —00, 
and C is bounded on R. 



Now, the main idea of the proof is to consider the functional, defined for t G R+, 

J{t) = / e{t,x)Cix)dx. 



The first step is to show that J is defined and bounded in time thanks to the following proposition 
of decay properties of the solutions, and the second one is to show that | J'| has a strictly positive 
lower bound, which will reach the desired contradiction. Firstly, if we choose Eq small enough, we 
obtain the following proposition. 

Proposition 2.16. There exists C > such that for all t ^ and xq > 0, 

{u^ + ul){t, X + x{t)) dx Ce"^"/''. (2.5) 

x>xo 



Remark 2.17. Inequality (|2.5p holds for all solution u„ of | |gKdV[ ) associated to the initial data 
uo,Ti defined in proposition l2.12l with C > independent of n. Indeed, we have u = Ung for some 
no ^ 1, but the following proof shows that the final constant C does not depend of uq. 

Proof. It is based on the exponential decay of the initial data, and on monotonicity results that the 
reader can find in [14] lemma 3] . We recall here their notation and their lemma of monotonicity. 

o Let i^i^) — ^ arctan(exp(a;/4)), so that ip is increasing, lim_oo "0 = 0, "0(0) = i, lim+oo "0 = 
1, ^{—x) = 1 — ijj{x) for all X e R, and il^{x) ~ Ce^/^ when x —00. Now let xq > 0, to > 
and define for ^ t ^ to: ipo{t,x) = ip{x — x{to) + ^(^o ~ ^) ~ xq) and 

Ixo,t„{t) = J u'^{t,x)^/jo{t,x)dx, 

JxoA->it) = J (ul+u^ - ^^^^uP+^){t, x)ilJo{t, x) dx. 

Then, if we choose Eq small enough, there exists K > such that for all t e [0, to], we have 

Ixo,toito) - Ixo,toit) ^ A'cxp (-^) , 

Jxo.toito) - Jxo,toit) < -fiTexp (-^ 



o Now, let us prove how this result can preserve the decay of the initial data to the solution 
for all time, on the right (which means for x > xo for all xq > 0). If we apply it to i = 
and replace to by t, we obtain for all t > 0: 



J (u^ + U^)(i, X + x{t))'lp{x — Xq) dx 

f {ul^ + ul){x)i:{x - xit) + \t- Xq) dx + K'e-'"'''^. 
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But by proposition 12.151 we have \x' — 1| ^ C'lkllz/i Ce^, thus if we choose Eq small 
enough, we have |a;' — 1| ^ i, and so we obtain by the mean value inequality (notice that 
a;(0) = a(uo,no) = 0): \x{t) — t\ ^ ^t. We deduce that —x{t) + ^ 0, and since -0 is 
increasing, we obtain 

[ul + u'^){t,x + x{t))il:{x - xo) C / {ul^ + uI){x)^Ij{x - xq) dx + Ke-"""'^. 



o Now we explicit exponential decay of uo- In fact, we have clearly (uQ^ + Wg)(x) ~ Ce ^ 
(7g-2|a:| ^jjgjj 2: ±cxD. Moreover, since ^{x) s; Ce^/"^ for all X G M, we have 

^ Ce-^«/4 j [ul^ + ul){x)e''/'^ dx s$ C"e-^°/^ 

o Finally, we have more simply 

+ X + x(f))'(/;(x — xq) dx ^ - / (m^ + u^)(t, X + x(t)) dx, 

^ Jx>xo 

and so the desired inequality. □ 



• Now this proposition is proved, we can easily show the first step of the proof of theorem 12.141 
1st step: We bound independently of time by writing 



J{t) — / e(i, x)C(x) dx = / x)C(x) dx + / e{t,x)C,{x) dx, 

Jx>0 Jx<0 



SO that 



I^WKIlClloo/ {Qix) + \u{t,x + xm)dx + J e^{t,x)dxJ CHx)dx 
Jx>o y Jx<o y Jx<o 

^\\C\\J\Qh^+\\C\\^U+\\em^.V, 

where: 

i) IkWIli^ ^ llellffi ^ Ceo < +oo, 

ii) — /^^g C^{x) dx < +00 since C^{x) — o{e^) when x — oo, 

iii) thanks to l|2.5p . we finally conclude the first step with: 

\u{t,x + x{t))\dx \u{t,x + x{t))\dx i^^i u'^{t,x + x{t))dx\ 

+00 ^ „ ^ 1/2 +00 

||w(i,-+x(i))|li2 ( / u2(t,x + x(i))dx) ^Ceo + ||Q|li2+C^e-"/8<^oo^ 

^nd step: We evaluate J' by using proposition 12. 151 and by integrating by parts: 

J'= fetC= f (ie).C + i^' - 1) / QxC + [x' - 1) / e.C + / i?(e)C 



eL(C') - (x' - 1) y QC - (x' - 1) y eC' + y i?(£)C 
= - y" + /3iQ^) - (x' - 1) y" Q(5 + /3Q^) - (x' ^ ^) j + j ^(^)C- 
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Now we take /3 = •' p^-i so that the second integral is null. Note that by (iv) of claim \2A\ 

JQ — 

d /■o2 _o fr^ dQ, _( 5-p \ ^^^-i f^2 



since p > 5, and so by taking c = 1 we remark that /? > 0. Moreover, since is an eigenvector 

for L for an eigenvalue — Ao with Ao > (see claim [2?5|) . we deduce 

J' = - y e{-Q - /SAoQ"^) - [x' -l)JeC + J R{e)C 

= /3Ao J ^Q"^ + j Qe-{x'-l) JeC + J R{s)C- 

But for the last three terms, we remark that: 

a) the mass conservation / = J Uq impHes that J + 2 J eQ + J ~ J Q'^ and so l/Qej < 

b) thanks to proposition l2.15[ we have \ — {x' — 1)/ eC'| ^ W ~ 1| II^IIl^ IIC'IIl^ ^ C'lkll^i' 

c) still thanks to this proposition, we have |/i?(e)C| ^ IICIIooII-^(^)IIli ^ C'lkllffi- 
We have finally 

J' = /3Ao J eQ^ +K{e) (2.6) 
where K{e) verifies \K{e)\ s: C||£||hi- We now use identity l|2.2p which claims 

Fiuit)) = F{uo) = F{Q) + i(Le,£) + K'{e) 

with \K'{e)\ s; C||e||^i. In other words, we have (Le, e) + 2X'(e) = 2[F(uo)-F(Q)] = 2[F(uo,no)- 
P{Q)] = -Ino with 7„o > 0, since |iwo,nollL2 = IIQIIl2 and E{uo,no) < E{Q) by construction of 
uo,no- To estimate the term (Le,e), we use lemma [TBI so that if we denote a(t) — J , we 

obtain 

a'{t) ^ ^\\s\\% - -^(Le,e) = + ^\\s\\% + ^K'{e). 
K2 K2 K2 K2 K2 

Since |-ftr'(e)| ^ C'||e||'^i and ||£||^i < Ceq, then if we take Eq small enough, we have 

a^{t)-^K\\e\\\^+Kn, 

with K, Kng > 0. In particular, a^(i) ^ k„(, > 0, thus a keeps a constant sign, say positive. Then 
we have 



ait) ^ ^ KWsII'hi + ^ ^ Y^\e\\Hi + ^ = K'\\e\\Hi + ^i'no- 

But from l(T6l) . we also have J'{t) = pXoa{t) + K{e) with |iir(£)| ^ C||£||^i, and so: 

J\t) ^ /3Aoif'||£||^i +/3Ao<„ - C\\e\\l, ^ /3Ao<„ = 0„„ > 

if we choose as previously £0 small enough. But it implies that J{t) ^ 9ngt + J(0) — > +00 as 
t — + +00, which contradicts the first step and concludes the proof of the theorem. Note that if 
a(t) < 0, it is easy to show by the same arguments that J'{t) ^ 0'^^_^ < 0, so limt^+oo Jit) = —00 
and then the same conclusion. 
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3 Construction of a special solution by compactness 



In this section, we prove the existence of a special solution by a compactness method. This result 
is of course weaker than theorem II. H but it does not require the existence of y± proved in [17] . 

3.1 Construction of the initial data 

Now theorem 12.141 is proved, we can change r„ obtained in (|2.4p in the first time which realizes 
this. In other words: 



35 > 0,Vn ^ 1, 3T„ e R+ such that 



I infj/ga ||u„(r„) - Q{- - y)||^i = S 
\yte [0,T„], mfyeR\\unit)-Q{--y)\\Hi 



Remark 3.1. We have T!„ — > +oo. Indeed we would have r„ < Tq for all n otherwise (after 
passing to a subsequence). But by Lipschitz continuous dependence on the initial data (see [9l 
corollary 2.18]), we would have for n large enough 

sup \\Un{t)-Q{--t)\\^, S^i^lluo.n-Qllffl. 
tG[0,To] 



But since ||mo,ti — QWh^ * ^ l|2.3p . we would have inf^gH ||u„(t) — Q{- — y)||^i < 2 

large enough and for all t £ [0, To], which is wrong for t = Tn G [0, T( 



n 







Now we can take 5 smaller than Eq, so that Un{t) € for all t g [0,T„] and so lemma [2.101 
applies: we can define Xn{t) = a(w„(i)) (notice that a;„(0) = a(uo,n) — 0) such that £„(t) = 
Un{t, ■ + Xn{t)) - Q verifies 



yt G [0, r„] 



(£„(t),Q') =0 

||e„(OllHi CMy^M ||u„(t) - Qi- - y)||^i CS 



Moreover, for t — Tn, we have more precisely 

6^\\eniTn)\\H^ ^CS. (3.1) 

In particular, {e„(T„)} is bounded in H^, and so by passing to a subsequence, we can define 

£n(Tn) Eoo in (weakly) and t^o = £00 + Q- 

Remark 3.2. 1. As announced in the introduction, one of the most important points in this 
section is to prove that we have constructed a non trivial object, i.e. vq is not a soliton 
(proposition I3.4p . This fact is quite natural since vq is the weak limit of u„(T„, • + x„(r„)) 
which contains a persisting defect £„(r„). 



2. Since the proof of proposition 13.41 is mainly based on evaluating L'^ norms, the following 
lemma will be useful. 

Lemma 3.3. There exists Co > such that, for n large enough, ||£n(T„)||^2 ^ CqS. 

Proof. It comes from the conservation of the Weinstein's functional F in time. In fact, we can 
write F{Q + e„(T„)) = F{Q + e„(0)) where £„(0) = uo,n - Q verifies ||£„(0)||^i > by 

n — »oo 

Then by 



F{Q) + ^(Te„(T„),e„(r„)) + if(£„(T„)) = F{Q) + i(i£„(0), £„(0)) + if (£„(0)) 
where \K{a)\ Ci\\ a||^i . It comes 

/ f(5,£„(r„))' + £2 (T„) - pQ^-^UtA < c||£„(o)||^i + x(£„(o)) - if(£„(r„)) 
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and so 

\\eniTn)\\l^^C J £^ (T„) + C|l (0) f^, + Ci 1 1 e„ (0) || + Ci || (T„) || . 
Since ||en(0)||^i — > 0, then by l|3.ip we have for n large enough 

lk„(r„)|l^, ^cj + CiC<5||e„(T„)||2^, + ^. 

But if we choose S small enough so that CiCS ^ i, we obtain 

and finally / el{Tn) ^ ^. □ 
Proposition 3.4. For all c > , vq ^ Qc- 

Proof. We proceed by contradiction: suppose that Vn Un{Tn, ■ + XniTn)) vq = Eoo + Q = Qc 
weakly in for some c > 0. We recall that it implies in particular that — > Qc strongly in 
on compacts as n ^ +oo. 

• Decomposition of Vn: Let ip G C°°(]R,]R) equals to on (— oo,— 1] and 1 on [0;+oo). Now 
let A 3> 1 to fix later and define fAix) ~ (p{x + A), so that (Pa{x) = if a; ^ —A— 1 and 1 if 
X ^ -A. We also define h„ = {l~ipA)vn, Qf = QcVa and z„ = (PaVu-^aQc = VA{vn-Qc), 
so that 

Vn = [I - <Pa)w« + VAVn = K + Zri + Qf- 

• Estimation of \\zn\\ : 



A+l r 

^ - {Vn- Qcf''p\ / {Vn - Qcf + (w„ - Qcf 

J-A-1 Jx>A+l 

A+l 

2 I r, / „.2 I o / ^2 



^ / (vn - Qc) + 2 / < + 2 / Qi = I+J + K. 

J-A-1 Jx>A+l Jx>A+l 

Notice that / > since > Qc in on compacts. Moreover, thanks to exponen- 

n — >oo n — >oo 

tial decay of Qc we have K < Ce^^^'^. Finally, we have J < Ce"^/** with C independent 
of n by remark [2 .171 In summary, there exists p > such that / zf^ ^ Ce^''"^ if n ^ n{A). 

Mass balance: On one hand, we have by (|2.3p and mass conservation J v'^^ = J Uq „ = J Q^- 
On the other hand, we can calculate 

,2 _ / 1,2 I / f^A I „ \2 I o / „,2, 



«r1 = J hi + J iQ^} + zn) +2y ^ ^i^^^aII-V'a). 

But since w„ — > Qc on compacts, we have 2 , v'^cpAi^ — ^a) > 2 f_f_. Q'^cpAi^ 

<^yi) =^ Ce"''"*. Consequently, 

, 2 



-J^'n + J {Q^)+2 J Qiz^ + J zl + ai 

where ^ verifies ^ Ce"''^ for n ^ Thanks to the previous estimation of 

||z„||^2 and the Cauchy-Schwarz inequality, we deduce that 
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where a'^^ verifies |a'^| < Ce for n ^ n{A). But 

/ {Qif-^ jQlv\- JqI + JqUvI-i)^ jQl + ^Ql^ JqI + Cc-"^ 

and J Ql — c^^ j with /3 > since p > b (see claim [2?T|) . In conclusion, we have the 
mass balance 

{l-c-P)\\Q\\l. = \\K\\l^+<^ (3.2) 
where aj'^ still verifies |a^^| < Ce'P"^ for n > 

Upper bound of ||^n||i2-' We remark that for n ^ ||/in||^2 ^ CiS. Indeed, thanks to 

(|3.ip . we have 

||/i„||^, 11(1 - ¥^a)Q|Il2 + Ik„(r„)|li2 ^ Ce-"^ + sc: CiS 

if we definitively fix A large enough so that e~P^ s$ (the power 3 will be useful later in 
the proof). 

Upper bound of \c — 1|; Thanks to the previous point and mass balance l|3.2p . we have 
|1 — c"''! < C(5^. We deduce that c is close to 1, and so by Taylor's theorem that |c — 1| < 

K\i-c-P\ cs^. 

Lower bound of \\h„\\j^2: We now prove that for n ^ n{A), |l^,i|1^2 ^ C25. Firstly, we have 
by lemma [3731 

CqS ^ ||e„(r„)||^2 = \\Vn - Q\\l2 = \\hn + Qc + Zn ^ Q\\]^2 

^ WKWl^ + ||z„|Il2 + \\Q^ - Qc\\^2 + \\Qc- 0|li2 = \\K\\l2 + \\Qc- Q\\l2 + hi 

where = ||z„||^2 + - Qc||^2 ^ verifies ^ Ce^P"^ for n ^ n(A). Moreover, if 
we denote /(c) = HQc — QW'l^ for c > 0, then / is C°° and /(c) ^ = /(I), hence 1 is a 
mmimum of /, /'(I) = and so by Taylor's theorem: /(c) ^ C(c- l)^ i.e. HQc - Q\\l2 < 
C|c — 1|. Thanks to the previous point, we deduce that 

CoS < \\K\\^2 + KS^ + bf^^ \\h^\\^2 + CS\ 

Finally, if we choose S small enough so that CS ^ we reach the desired inequality. 

Energy balance: We now use the conservation of Weinstein's functional and (|2.2p to write 

Fiuo) = F{v„) =. F(Q + e„(T„)) = F{Q) + i(Le„(T„), £„(r„)) + if(£„(r„)) 

where |i4:(e„(T„))| < C||e„(r„)||^i CS^ by {HH]). Now we decompose e„(r„) in 

£n(r„) ^Vn-Q^ K + Zn + Q^-Q^ {Qc - Q) + [Qc - Qc) + {Zn + K) 

in order to expand 

(Le„(r„), e„(T„)) = (/.(g^ - Q), Qc - Q) + (^(^n + K), 

+ (i(Q^ - Qc), Q^ - Qc) + 2(L(Qc - Q), z„ + /i„) 
+ 2(L(Qc - Q), Qf - Qc) + 2(L(Q^ - Qc), z„ + K). 

We recall that (ia, b) ~ — j a"b + J ab — p J Q^^^ab, and so by the Cauchy-Schwarz inequal- 
ity: \{La,b)\ (||a"||^2 + C||a||^2)|j6||^2. Since we have ||2;„ + /i„||^2 lkn|lL2 + ||/i„||i2 < 
(7g-P'4 _|_ (^^j ^ (jg^ estimate 

|(L(Qc-Q),z„ + /i„)| ^ dlQ'c' - Q"IL2 +q|Qc - Q|Il2)||z„ + hnh2 < C\c-l\-CS < CS^. 
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Similarly, we have 

\{L{Q^ - Qc), zn + h^)\ < (||v5:;Qc|L2 + 2y'^Q',\\^, + Wi^A - 1)Qc\\l^ 

+ C\\Qf - Qc\\^2)\\Zn + hn\\L2 

Moreover, we have by integrating by parts {La,b) ~ J ci'b' + J ab — p J Q^^^ab, and so 
I (La, 6)1 < C|ia||j:^i||6||^i. It implies that 

mQc - Q), Qc - Q)K C\\Qc - QWli ^ C{c - if ^ Cd\ 
\{L{Qt - Qc), Qc - Qc)K C\\Q^ - QcWl, «C Ce-^P^ < CS^, 
mQc - Q), Q^ - Qc)K C\\Qc - QWhi \\Qc - Qc\\hi ^ C\c - 1| • Ce'^^ < C6^ 

thanks to the estimate on |c — 1| previously found. For the last term, we have 

{L{hn + Zn),hn + Z„) = ||/l„ + Z„||^i J Q^^^ {K + Znf 

and 

J Q^-\K + z^f ^ 2 j QP-^hl + 2 1 QP-^zl ^^Jil- VAfQ'^-'vl + 2IIQIIL"' / 4 
/ QP-\l + 2\\Qr^' ( zl 

Jx<-A J 

But \\vn\\^ ^ C\\vn\\Hi ^ C(||e„(T„)|i^i + ligil^O C{K5+\\Q\\hi) = K', and so 
L^-aQ^'^^'^I < ^Lk^aQ"'^ < C-e-"^. As /z2 < Ce-P^, we have 

Fiuo) = FiQ) + ^\\K + zjl^ +df^^ FiQ) + i||/i„ + zjl, + 

where \d^\ ^ C6^ for n > n{A). Moreover we have 

\\hn + zJl, - s; \\zn\\l2 + 2||z„||^.||/i„||^. «C Ce-^P^ + 2Ce-P^ ■ Ci6 < C5\ 

Finally, energy balance provides us, for some N large enough, 

Fiuo)^ F{Q) + ^\\hN\\l2+d' 

with < C(53. 

• Conclusion: Since F{uq) < F(Q) by hypothesis, we obtain |l/i7v|li2 ^ CS^. But we also have 
by the lower bound of ||/i„||^2: ||/iAf|li2 ^ ^1^^. Gathering both information, we obtain 

^ 5, which is clearly a contradiction if we choose S small enough, and so concludes the 
proof of proposition 13.41 □ 

3.2 Weak continuity of the flow 

The main idea to obtain the special solution is to reverse the weak convergence of w„ to vq in time 
and in space, using the fact that u{t, x) is a solution of dgKdVD if and only if u{—t, —x) is also a 
solution. More precisely, we define wq ^ vq & H^{^), i-e. for all a; € R, wq{x) — vq{—x). 

Remark 3.5. For all c > and all a;o G M, we have 

Wo ^ Qc{- + xo). 
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In fact, otherwise and since Qc is even, we would have vo{x) — Qdx — xq). But Vn — Q — £n(T'„) 
and (e„(r„), Q') — (w„, Q') — 0, so by weak convergence in , {vo,Q') — 0. Thus we would have 
/ Qdx—xo)Q'(x) dx = 0, and if we show that Xq = 0, we shall reach the desired contradiction since 
we have vq ^ Qc for all c > by proposition l3.4l To show this, consider /(a) = / Qdx—a)Q'{x) dx 
for a S M, which is odd since Qc is even and Q' odd. In particular, /(O) = 0, and it is enough to 
show that /(a) < for a > to conclude (because we shall have /(a) > for a < by parity). 
But using again the parity of Qc and Q' , we have 

pa r+oo 

/(a) = / [Qda - x) - Qda + x)]Q'{x) dx + / [Q dx - a) - Q dx + a)]Q' (x) dx . 

Jo J a 

Since Q' is negative and Qc is strictly decreasing on M+, both integrals are negative, and so 
/(a) < for a > 0, as we desired. 

Remark 3.6. 1. Now, wq being constructed, we show that the associated solution w{t) is 
defined for all t positive, and can be seen as a weak limit (proposition 13. 8p in order to prove 
the convergence of w{t) to a soliton. 



2. The main ingredient of the proof of proposition [3]8] is the following lemma of weak continuity 
of the flow, whose proof is inspired by [8] theorem 5]. This proof is long and technical, and 
thus is not completely written in this paper. 

Lemma 3.7. Suppose that zo^n zq in , and that there exist T > and K > such that the 
solution Zn{t) corresponding to initial data zg^n exists for t e [0,r] anrf sup(g[o,T] ll'^n(^)ll_ffi ^ ^■ 
Then for all t e [0, T], the solution z{t) such that z(0) = zq exists, and Zn{T) — ^ z[T) in . 

Sketch of the proof. Let T* = T*(|jzo||^| ) > be the maximum time of existence of the solution 
z{t) associated to zq, well defined by [H corollary 2.18] since s = | > 2{p'-i) ~ ^c{p)- We 
distinguish two cases, whether T < T* or not, and we show that this last case is in fact impossible. 

1st case: Suppose that T < T*. As z(t) exists for t G [0,T] by hypothesis, it is enough to 
show that Zn(T) ziT) in i?^. But since is dense in and |j2;„(T) — ziT)\\jji ^ 
Ikn (r) II ^1 + II z(T) 11^:^1 < iC', it is enough to show that z„(T) — > z{T) in r»'(R). It is the 
end of this case, very similar to the proof in [H] (but using a regularization and so using 
some arguments like in [HI section 3.4]), which is technical and not written in this paper 
consequently. 

2nd case: Suppose that T* ^ T and let us show that it implies a contradiction. Indeed, there 
would exist T' < T* such that ||z(T')||^3 ^ 2K (where K is the same constant as in 
the hypothesis of the lemma). But we can apply the first case with T' instead of T, so 
that Zn{T') z(T') in H^, and since ||z„(r')||j:^i ^ K, we obtain by weak convergence 
||z(r')||^| ^ II^(2^')IIhi ^ ^^'^ so the desired contradiction. □ 

Proposition 3.8. The solution w{t) of ( |gKdV | such that w(0) = wq is defined for all t ^ 0, and 

Un{Tn - t, Xn(Tn) - ■) ^ w{t) in . 

Proof. As the assumption is clear for t = 0, we fix T > and we show it for this T. Since 
lim„^+oo = +00 by remark \3A\ then for n > uq, we have r„ ^ T. As a consequence, for 
n ^ riQ and for t g [0,r], Zn{t) — u„(r„ — t,a;„(T„) — •) is well defined, solves | |gKdV[ ) , and has 
for initial data 

z„(0) = w„(T„,a;„(r„) - ■) = ^ vq = wq in . 

Moreover, we have 

^ ||'^n(21i t, XniTn) Ollifi 

S$ \\£n{Tn - t,Xn{Tn) " Xn{Tn ~ t) ~ •)||^i + ||(3(a;„(T„) - X^iTn - t) - ■)\\ fji 

^ \\en{Tn - t)\\Hi + WQWm ^C6^ ||Q||^i = K. 
By lemma [377l we deduce that w exists on [0, T], and Zn{T) w{T) in . □ 
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3.3 Exponential decay on the left of w 

The goal of this section is to prove an exponential decay on the "left" of w, using the exponential 
decay of u„ on the right. Indeed, since £n(T„ — <) = M,i(r„ — i, • + a;„(T„ — t)) — Q verifies 
i^niTn — t),Q') = and ||e„(T„ — t)\\^i ^ CS for all t e [0,T„], then u„(T'„ — t) is in the same 
situation as the situation of u summed up just before proposition 12.151 with S instead of Eq for 
the small parameter. In particular, by remark [2. 171 inequality (|2.5p holds for u„(T„ — t) with C 
independent of n if we choose i5 small enough. In other words, we have for allt and a;o > 
(and n large enough): 

/ iul, + ul)iTn-t,x + Xn(T„-t))dx^Ce'''"/\ (3.3) 

But before passing to the limit, we have to define the "left" of w, i.e. the center of mass Xw{t) of 
wit). 

Lemma 3.9. There exists C > such that, for all t ^ 0, Infj^gR \\w{t) — Q{- — J/)||^i ^ CS. 
Proof. Fix t ^ and no ^ such that for n ^ no, Tn ^ t. Since Q is even, we have 

Now if we denote Wn{t) = Un{Tn — i,x„(r„) — •) and yn(t) — 2;„(r„) — x„(T„ — t), we have 

\\Wn{t) - Qi- - yn{t))\\Hi = \\en{Tn - t)\\ ^ CS. 

But following the remark done at the beginning of this section, proposition 12. 151 is still valid, and 
so \x'„{t) - 1| s^CSfort e [0, r„]. We deduce that ?/„(*) = J^^_^ x'„(s) ds = J^^_i.ix'j^is) -l)ds + t 
verifies |yn(i)| < CSt + t — Ct. By passing to a subsequence, we can suppose that lim„^oo yn(t) = 
y{t). But now we can write 

\\wn{t) - Q{- - y{t))\\H. ^CS + \\Q - Q(. + (y„(t) - ym\\„, ^ C'S 

for n ^ N{t,S) by lemma [2.111 Finally, since Wn(t) w{t) in by proposition 13. 8^ we obtain 
by weak convergence \\w{t) — Q{- — y(i))|l^i ^ C'S, and the result follows. □ 

We can now choose S small enough so that CS ^ Sq, and so we can define Xw{t) = a{w{t)) by 
lemma [2.10[ with notably \\w{t, ■ + Xwit)) — Q||^i ^ CS. But to exploit (|3.3p . we have to show 
first that y-nit) = XniTn) — a;„(T„ — t) is close to x^it) for all t. 

Lemma 3.10. There exists C > such that: Vt ^ 0,3no ^ 0,V?i ^ uq, \xw{t) — y7i{t)\ ^ CS. 

Proof. Let t ^ and n large enough such that r„ ^ t. We keep notation w„(i) and y„(i) of the 
previous proof , where we have already remarked that |yn(i)| =^ Ct. For the same reason, we have 
\xw{t) — yn{t)\ ^ ^t- Now choose A{t) >• 1 such that ||(3|lL2(|a;|^yi(t)-nt) ^ ^- Since Wn{t) wit) 
in 7?^, then for n ^ no, we have \\wn{t) — w(t)||^2(|2,|<^(f)-) ^ S. Moreover, 

\\w{t)^Q{--x^{t))\\^,i^CS and ||u;„(i) - 0(- - 2/„(t))||^i ^ CJ, 

and so by the triangle inequality: \\Q{- — Xw{t)) — Q{- — yn(0)llL2(|2.|^^(j)) < CS. We deduce that 
for n ^ no: 

HQ - Qi- + x^{t) - y^mi ^V2\\Q- Qi- + x^it) ~ 2/„(i))|| L-(\x\^A(t)) 

+ V2\\Q - Qi- + x^it) - ynit))\\ L2(|^|^A(t)) 
^CS + \/2||Q||^2(|^|^^(t)) + V2||g(- + x^it) - yn(t))|lL2(|^|5,^(t)) 

«;c<5 + 2y2||g||^.(i,i^^(,)_^,) ^C<5. 

We conclude by choosing S small enough so that CS ^ A^, where Aq is defined in lemma [2. IH and 
we apply this lemma to reach the desired inequality (note that the lemma holds of course with 
the norm instead of the one). □ 
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If we choose S small enough so that CS ^ 1 (for example) in lemma [3A01 we can now prove 
the following proposition. 

Proposition 3.11. There exists C > such that, for all t ^ and all xq > 0, 

{wl + w^){t,x + x^{t))dx Ce-^"/^ 

X<~Xq~1 

Proof. Let t ^ 0, xq > and n ^ uq where tiq is defined in lemma 13.101 From (|3.3p and the 
substitution y = x„(r„) — Xn{Tn ~ t) ~ x — yn{t) — x, we obtain 

(mL + Un)iTn - t, a;„(r„) -x)dx^ Ce-"°/^ 

x<ynit)-xo 

If we still denote Wn{t) = Un{Tn — t,Xn{Tn) ~ •)) deduce by lemma [3. 101 that 

{wl,+wl){t,x)dx^Ce--'^/\ 



L 



< — xo — \+x^ (t) 

But Wn{t) wit) in -ff^, so Wri(i) ^ w{t) and Wnx(t) Wx{t) in L^. Moreover, since ip = 
l(_oo,-xo-i+a;„(t)) ^ -^°°) then Wn{t)ip w{t)'ip and 'Wnx{i)'4' ~^ Wxit)ip in L^, thus by weak 
convergence J^^-xo-i+x ^^(i; a;) ^ Ce"'^"/'* and the same inequality for Wx, so the result 
follows by sum. □ 

3.4 Asymptotic stability and conclusion 

The final ingredient to prove that w{t) is a special solution is the theorem of asymptotic stability 
proved by Martel and Merle in [T5j. Indeed, thanks to lemma [3^ we can apply this theorem with 
Co = 1 if we choose S small enough such that CS < a^. We obtain c+ > and t t-^ p{t) € R such 
that 

\\w{€) - g,,(. - pm\H^(x>tm 0- (3.4) 

Remark 3.12. As usual, p{t) and c+ are defined in [2] by a lemma of modulation close to Q, 
which gives the estimations: \\w{t) — Qc+{- — p{t))\\jfi ^ CS, \p'{t) — 1\ ^ CS and |c+ — 1| < C5. 
We deduce that 

\\Q - Q{- + p{t) - x^mij,, = \\Q{- - p{t)) - Qi- - x^m\j,^ 

^ \\Q - Qc+\\hi + hit) - Qe+(- - p{t))\\Hi 

+ \\w{t)~Q{--x^m\Hi 

< K\c+ - 1\ + C6 + C'6 s$ C"S. 

Now if we choose S small enough, then C"S ^ Aq and lemma [2.111 gives 1x^,(0 — p{t)\ ^ C5 ^ 1. 
Finally, proposition 13.111 becomes 

Vt^0,Va;o>2, f {wl + w^){t,x + p{t)) dx ^ C'e-'^'/^ (3.5) 

Jx< — xo 

We are now able to prove the main result of this section. 

Theorem 3.13 (Existence of one special solution). There exist w{t) solution of ( [gKdVD defined 
for all i 0, c_|_ > and t ^ p{t) such that: 

(i) \\w{t)-Q,^{--pmH^i^)^^^^ 

(a) Vc> 0, Vxo e M, w(0) 7^ Qc(- + a;o) . 
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Proof. By remark 1331 it is enough to prove (i). We have by the triangle inequaUty 

\\w{t) - - pW)II^i(k) «S \\w{t) - Qc+(- - Pi-tMn^xyt/io) + ^\\M't)\\m{x<t/io) 

+ 2||Q,4.-pW)||^,(^^^/^„^ =1 + 11 + 111. 

Since \p'{t) — 1| ^ C<5 ^ if we choose S small enough, then \p{t) — t — p{0)\ < j^t, and so if we 
denote po = p(0) € M, we have — p{t) ^ — |t — po- We can now estimate: 

• I > by ((Ol) . 

t — ^+oo 

• For t large enough, we have y + po > 2, and so (|3.5p gives 

ill= /" (w^ + w2)(<,a;)da; = / {wl + v?){t,x + p{t)) dx 

^ Jx<t/W Jx<t/W-p(t) 



^/ {wl+w^){t,x + p{t))dx i^Ce-^'"^ >0. 

• Finally, since {Q'^^ + Ql^){x) ^ Ce^v^^ for all a; G E (see claim EH]), we have 
\ui= I {Q'l+Ql^){x-p{t))dx= [ {Q'l+Ql^)ix)dx 

^ Jx<t/W J x<t/W-p(i) 

/ (Q^+ + <5?+)(2;) dxs^C [ e^v^^ ^ Ce-¥v^ > 

^a;<-4t/5-po Jx<-4t/5-po t^+oo 



which achieves the proof of theorem 13.131 □ 

Corollary 3.14. For all c > 0, there exist Wc{t) solution of ( jgKdVP defined for all t ^ and 

1 1— > pc{t) such that: 

(i) \\Wc{t, ■ + Pc{t)) - Qcllffl(R) 0, 

(ii) Vc' > 0,Vxo e M,u'c(0, • + Pc(0)) gc'(- + xo). 
Proof. It is based on the scaling invariance of the ( |gKdV[ ) equation: if u{t, x) is a solution, then 

2 o 

for all A > 0, \t-^u{\ t,\x) is also a solution. For c > given, we thus define Wc by Wc(i) = 



Ac ^?i'(Ai?t, Aca;) with Ac = ^/-r-, where w and c+ are defined above. Since Qcfa;) = Ac ^ 
then we have by substitution 

||2 



hit) - Qc+(. - p{t))\\\, = Ac'='^' {}\wc{t/\l ■ + p(i)/Ac) - 

+ ^\\d.,[w,{t/\l ■+p{t)/K) - Qa\\\l?j. 

We deduce that 

II ^ , ,,,||2 f Ac^||u;c(t/A^,-+pW/Ac)-Qc||^, if Ac 1 

- Qc+(- -p(i))||^i ^ < _p+3 

[ Ac ||u.c(VAi?, • + p{t)/\c) - Qcll^i if Ac ^ 1 



and so limf^+oo ||''i'c(i/Ac, • + p{t)/\c) — Qc||^i — in both cases by theorem 13.131 We finally 

obtain (i) if we take pc{t) — £^^^. For (ii), if w 
that Wc{0, ■ + Pc(0)) — Qc'{- + xq), then we get 



obtain (i) if we take pc{t) ~ £^^^. For (ii), if we suppose that there exist c' > and G M such 



Wo = y c'c+ 1 • + 1 \l~^o - Po 
which is a contradiction with remark [SiSl □ 
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4 Construction and uniqueness of a family of special solu- 
tions via the contraction principle 

In this section, we prove theorem 11.11 The proof is an extension to | |gKdV[ ) of the method by 
fixed point developed in [H [5] . To adapt the method to | |gKdV[ ) , we use first information on the 
spectrum of the Hnearized operator around Q{- — t) due to [1?] (see proposition 14.21 in the present 
paper). Secondly, we rely on the Cauchy theory for | |gKdVP developed in [9l[l0j. Indeed, one of the 
main difficulties is the lack of a derivative due to the equation, but compensated by a smoothing 
effect already used in [9l [TO] . 



4.1 Preliminary estimates for the Cauchy problem 

Theorem 3.5 of [9] and proposition 2.3 of [lOj are summed up and adapted to our situation in 
proposition l4.1l below. We note W{t) the semigroup associated to the Hnear equation dtu+d^u — 0. 



Notation. Let / C M be an interval, 1 ^ p,q ^ oo and g : M. x I ^ R. Then define 



+00 



p/1 \ ^/f 

\gix,t)\''dt] dx] , WgW^.rP 



+00 \ g/p ^ 

\g{x,t)fdx] dt 

-OO / 



1/9 



and LPLj = {g \ \\g\\^,^, < +00} and LjLP = {g \ ||g||^,^p < Finally, denote Lgi? = LPL 

and Li LP = L^LP. 

Proposition 4.1. There exists C > such that for all g £ Ll,Lf and all T G M, 
d 



+ 00 



— W{t~t')g{x,t')dt' 



^C\\g\\^,r 



[T,+oo) 



d_ 

dx 



+00 



W{t-t')g{x,t')dt' 



^C\\g\\^, 



r 5 r 10 



Proof. (i) Inequality l|4.ip comes from the dual inequality of (3.6) in [9], i.e. 



(4.1) 
(4.2) 



£ j W{-t')g{x,t')dt' 



^C\\g\\^,^. 



L2 



Let i ^ T, we 


get for g{x, t') — ] 


[t.,+oo){t')9{x,t'): 




a f+°^ 

dx Jt 


W{-t')g{x,t')dt' 


Ll 


d /■+°° 

dx 



[r, + cx=) 



and so the desired inequality since W is unitary on L^. 

(ii) Inequality (|4.2p comes from inequalities (2.6) and (2.8) of [lO] with the admissible triples 
(pi,gi,Q;i) = (5,10,0) and {p2,<l2,ot2) ~ (cxd,2,1). In fact, if we combine (2.6) cut in time 
with [0, +00) and (2.8), we get 



+ C30 



I W{t-t')g{x,t')dt' 



^C\\g\\ 



If we apply it to g{x,t') = l[T,+oo){t')9ix,t'), we reach the desired inequality since 



+00 



— / W{t-t')gix,t')dt' 















r 5 r 10 


) 


dx Jt 



□ 
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4.2 Preliminary results on the linearized equation 
4.2.1 Linearized equation 



The linearized equation appears if one considers a solution of | gKdV | close to the soliton Q{x — t). 
More precisely, if u{t, x) — Q{x — t) + h{t, x — t) verifies HgKdV l, then h verifies 

dth + h^ R{h) (4.3) 

where a — —{La)x, La — —d^a + a — pQ^'^a is defined in section \2A\ and 



\k=2 



The spectrum of has been calculated by Pego and Weinstein in |T7]; their results are summed up 
here for reader's convenience. 

Proposition 4.2 ([17J). Let a{) be the spectrum of the operator defined on L^(M) and let CessO 
be its essential spectrum. Then 

c^cssO — ilR and a{) n M = {— eo, 0, cq} with cq > 0. 

Furthermore, cq and — eo are simple eigenvalues of with eigenfunctions y+ and — y+ which 
have an exponential decay at infinity, and the null space of is spanned by Q' . 

4.2.2 Exponential decay 

Exponential decay of 3^+ has been proved in [17] , but a generalization of this fact to a larger family 
of functions will be necessary in the proof of proposition 14.61 For A > 0, consider the operator Ax 
defined on L"^ by A\u = u'" — tt' — Au, and the characteristic equation of A\u — 0, 

fx{x) A-0. 

Note a^, , CTg the roots of f\, eventually complex, and sorted by their real part. A simple study 
of fx shows that cr^ is always real, cr^ > and (o'3)^>q is increasing. Moreover, we have the 
three cases: 

(a) If A > then cr^ and ^^e two conjugate roots which verify Recr^ = RecTj — 

(b) If A = ^, then = = and = ^. 

(c) If A < then CTi, CTj are real and: G (^-^3, ; ctj ^ (^73 ''^)- Moreover, (0-2 )a 
is decreasing, and in particular CTj when A \ 0. 

This analysis allows us to define 

f^=7 min(cr^,~Recr^,eo, 1) > 

and 

n = {f e H°°{R) I Vj ^ 0,3Cj ^ 0,Vx e R, |/(^')(a;)| ^ Cj-e"'^!^!}. 

Lemma 4.3. If u £ L^ and f ^ H verify u'" — u' — Xu = f with A ^ eo, then u ETi. 

Proof. First notice that u e H°°iM) by a simple bootstrap argument. Moreover, the method of 
variation of constants gives us 

/> + 00 pX pX 

u{x) ^ Ae"^^"" e"'^''f{s)ds + Be''^'' e-"^' f{s) ds + Ce"'"' e^"''' f{s) ds 



20 



with A,B,C e C, if we suppose that A ^ We can also notice that u' has the same form as u, 
except for three terms in f{x) which appear, and which have the expected decay by hypothesis, 
and so on for for j ^ 2. Hence we only have to check exponential decay for u: 

\u{x)\ < A'e"^ / e-"3^|/(s)| ds + B'e^^''^^ / e'^'^^'\f{s)\ds 

J X J — oo 

+ C'e^<="'" r e-^'"'i'\f{s)\ds. 

J —OQ 

By changing x in —x and by the definition of /z, it is enough to show that if 

v{x) = e-""" f e^'e-f"^'^ ds 



with a ^ 2/i, then v{x) ^ e ^'^L Notice that one half could also have replaced one quarter in 
the definition of fi, but this gain of 2 allows us to treat the case A — (not written here for 
brevity) , which makes appear a polynomial in front of the exponential in the last two terms of the 
expression of u. Finally, we conclude in both cases, since a — ^ ^ > 0: 

• If a; < 0, then vix) < e-''^ J^^ e'^^'e^" ds = Ce^""" ■ e('^+^)^ = Ce^^ = Ce"''l^l . 

• If x > 0, then v{x) «C e-"^^ f-^^ e'^'e-'"' ds = Ce'"'' ■ e^'^-'^)^ = Ce"''^ = Ce^^l^l . 

The case A — is treated similarly. □ 
Corollary 4.4. 3^+,3^ G H. 

Proof. Since — y+, it is enough to show that 3^+ e H. But by definition of y+ in we 
have y+ = eoy+ with 3^+ S L^, i.e. 

y+ -y+- eoy+ - ~pd^{Qp-'y+) = -p{p - i)Q'Qp-^y+ - pQ'-^y'+. 

By a bootstrap argument, we have 3^+ € H°°{S), and in particular y^^^ e for all j ^ 0. If 

we denote f{x) — —p{p~ l)Q'QP~^y+ — pQ^~^y'^, then by exponential decay of Q^"'"' for all j ^ 
and by definition of fj,, we have \ f'^'Hx)\ Ce-'-P-'^^^^^ ^ Ce-''l^l and so f e H. It is enough to 
apply lemma with A = eo to conclude. □ 



4.3 Existence of special solutions 

We now prove the following result, which is the first part of theorem ll.il 

Proposition 4.5. Let A £ M. If to = to{A) is large enough, then there exists a solution G 
C°° {[tQ,+oo),H°°) of dgKdVP such that 

Vs e R,3C> 0,Vt > to, \\U^{t,-+t)-Q-Ae-''<''y+\\^^iiCe-'^''°'. (4.4) 
4.3.1 A family of approximate solutions 

The following proposition is similar to [5, proposition 3.4], except for the functional space, which 
is not the Schwartz space but the space Ti described above. 

Proposition 4.6. Let A £ R. There exists a sequence {Z-^) .^^ of functions of H such that 
= yl3^+, and if k ^ I and = Y!'j=i e"^'^"*^/, then 

pk 

dtV^ + V^ = R(y^)+stit), where et{t) ^ ^~''°'9tk. gtk&n, (4.5) 

i=k+i 

and R is defined in (|4.3p . 
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Proof. The proof is very similar to the one in [5], and we write it there for reader's convenience. 
We prove this proposition by induction, and for brevity, we omit the superscript A. 
Define Zi := Ay+ and Vi := e-'=«*Zi. Then by the exphcit definition of R in (gSl, 



dtVi + Vi - i?(Vi) - -i?(Vi) ^ -R{Ae'''>*y+) = j^e-^"^°*A^ r.]d4Qp-'yi] 

which yields l|4.5p for k = 1, since 3^+ , Q G 7i by corollary 14.41 and claim 12.11 

Let fc ^ 1 and assume that Zi , . . . , are known with the corresponding Vk satisfying l|4.5p . 
Now let Uk+i ■= gk+i,k & Ti-, so that 



dtVk + Vk = R{Vk) + e 



-(fc+l)eot 



pk 



l^k^ 



and define Z^+i := — ( — (fc + l)eo) ^Uk+i- Note that Zk+i is well defined since (fc + l)eo is not 
in the spectrum of by proposition 14. 2^ and moreover Z^+i G H. Indeed, we have 

2'k+i - 2'k+i - (fc + l)eo2fe+i = -Zife+i - Pip - l)Q'QP-^Zk+i - pQ^-'Z'^^^ e H 

by exponential decay of Q^^^ for all j ^ and since Z^^^ G i/°°(E) by a bootstrap argument. 
Hence Zk+i € H by lemma [T3l applied with A = (fc + l)eo ^ cq. 
Then we have 



j=k+2 



dt {Vk + e-('=+i'^«'Zfc+i) + (V, + e-^^'+D^o^Zfe+i) = R{Vk) + ^ 
Denote Vfc+i Vfc + e-('=+i)^o*Zfe+i. Thus we have 

dtVk+i + Vfc+i - R{Vk+i) = i?(Vfe) - R{Vk+i) 



pk 

I 



We conclude the proof by evaluating 

i?(Vfe) - R{Vk+i) = i?(Vfc) - R{Vk + e-(^+i)^°*Zfc+i) 



J=2 



p(fc+l) 

E 

]=k+2 



e-''°%,k, 



which yields l|4.5p for k + 1, and thus completes the proof. 



□ 



4.3.2 Construction of special solutions 

We now prove proposition 14. 5[ following the same three steps as in [5]. The main difference comes 
from step 2, because of the derivative in the error term which forces us to use the sharp smoothing 
effect developed in |9|. Let ^ £ R and s ^ 1 integer. Write 

U'^{t,x + t) =Q{x) + h^{t,x). 

First, by a fixed point argument, we construct a solution h"^ £ C^{[tk^+oo),H^) of (|4.3p for k 
and tk large and such that 



(4.6) 



Next, the same arguments like in [5] show that h"^ does not depend on s and k. For brevity, we 
omit the superscript A. 
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Step 1. Reduction to a fixed point problem. If we set h{t, x) — h{t, x — t), equation l|4.3p can 
be written as 



ox 



Lfc=i 



(4.7) 

. Now let v{t, x) = 



Moreover, we have by gH), Ekit) = dtVk + d^Vk - d^Vk + [^^^i (pQ' 
(h — Vk){t,x — t) and subtract the previous equation from (|4.7p . so that 

dtv + d^v = ~S[v + Vk{t,x-t)] + S[Vk{t,x- t)] - Sk{t,x~ t). 

For notation simpUcity, we drop the space argument {x — t) for the moment. The equation can 
then be written as 

/ + 00 
W{t - t') [S{Vk{t') + vit')) - S{Vk{t')) + Skit')] dt'. (4.8) 

Note that (|4.6p is equivalent to ||w(r)||^s ^ ^-(k+^)eaT j^j, j, ^ other words, defining 



( Ni{v) = sup e('=+5)^°^||v(r)||^ 

s 

N2{v) = sup e('^'+5)^°^||a^' 



W r5rio , 



I A{v) = At^.kA'") = max(iVi(w),iV2(v)), 
it is enough to show that 7W is a contraction on B defined by 

B = B{tk,k,s) = {veCWtk,+oo),H') I k{v) sc: l} . 

Remark 4.7. The choice of the two norms iVi and N2 is related to the fact that global well 
posedness of supercritical | |gKdV[ ) with initial data small in can be proved with the two norms 
Ni{v) = suptgK ||w(i)|j//i and N2{v) — ||w||^5iio + \\dxv\\i^5 ^w, following [10]. We could also have 
used other norms from [^. 

Step 2. Contraction argument. We show that is a contraction on B for s ^ 1 and k,tk 
sufficiently large. Throughout this proof, we denote by C a constant depending only on s, and Ck 
a constant depending on s and k. To estimate Ni{M{v)) and N2{M{v)), we have to explicit 



siyk + v)- s{Vk) = ^ 



d_ 

dx 

dl 



E(^)Q^-^((V.+^;)^-V^ 
d 



{pQ 



d2 



911, 



Q,/3,7~ 



Q,/3,7 



a,/3,7 



dx 



where I = and IIa,/3,7 = Q"V^v^ , with: 7^1, /9 + 7>2, Q! + /3 + 7= p^6. We can now 



write 



d'^Miv) =p Wit- t')— [d'{l)] dt' + V / W{t ~ t')— [9^(IIa,^,7)] dt' 

Jt cix ^^^^ ex 



+00 



+ / W{t~t')d'ek[t')dt' 
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By and l(T2l) . we obtain 



max 



+ Yl C^,p.-f\\d'iiio...Pn)\\L^Lf ■ (4-9) 

Q,/3,7 

We treat the terms Sk, I, Ila^/j^-y for a = p— 2,/3 = 7 = 1, and for a = /? = 0, 7 = p. All other 
terms can be treated similarly: for example, IIo,p-i,i can be treated like IIp_2,i,i, etc. 

For I, since Q and his derivatives have the same decay, it is enough to estimate the term 



/ l-T / /• I'+oc / i<+oo / /< I'+oo 

=^CWy e^^'dxJj j e-^t(^d'vf dtdx + cJ j e-^^'dxJj j e'^t{d'vf dtdx 

+ CWy e-^^dxJj J e^^-^*{d'vf dtdx 

by the Cauchy-Schwarz inequality. Now, by Fubini's theorem, and since 4a; ~ 2i ^ 2t in the last 
integral, we get 

/ I'+oc- / I'+oo 

l^Ce^Ni{v)^j e-(2fc+i)'=ot-2trfi + 2Ce~^iVi(w)Jy e-(2fe+i)eot+2t 

„-(fc+i)eoT-T -(fc+i)eoT+T i 

V(2fc+l)eo + 2 V(2fc + l)eo-2 ^^Vfc 

Note that since k will be chosen large at the end of the argument, we can suppose {2k + l)eo > 2. 

For IIp_2,i,i, we treat similarly the term IIp_2,i,i = ||QP~^Vfc9''w||^i^2 since Vk and his 
derivatives have the same decay. In fact, we have by Holder inequality 

lV2.i,i C\\d'v\\^,^^o |jVfc||^5/4^5/2 CiV2(z;)e-(^-+5)^''^|jVfc||^5/4^5/2 . 
By the definition of Vk in proposition I4.6[ we have by noting Bq = |eo and /j,' = 



/i / /"-hoo r-\-oo / /"a: 

Wy e-'^'o^e-t^'^et'''' dtdx + Ck J Jj e-'=o*e'''*e-*''^ da; 



»+oo / I'+oo- 



, / I'+oo , / I'+oo 

^Cfce^^Wy e-(^'o+t'')*dt + Cke-'^'^Jj e^f^'-'^'o')* dt 



r+oo , / I'+oo 
+ Ck I e'^^W / e-K+f')tdida: 



T \ Jx 

/ 

rp 

^ 3Cfce 2 since < ep by definition of /i. 
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We finally deduce that || VfcL5/4,5/2 ^ CfeC-^"^ and so II„_2 1 1 < CfciV2(w)e~(''+^)^''^. 
For IIo,o,j9 = v^, first remark that 

d%vP) = pd'-^{dv ■ yP-^) ^ pd'v yP-^ + pJ2 ^^^d''+^v ■ d'-^-''{vP-'^) 

k=0 ^ ' ^ 

where each term of the sum is a product of p terms like d^^v with Sj < s — 1. Since H^{R) 
L°°(]R), we can estimate the first term thanks to Holder's inequality: 



s$ \\v 



[T, + oo) 



\KJ! roo • ll^^'wllrs rlO • ||w|rr5rlO 



The other terms in the sum can be treated in the same way, and more simply since we can choose 
any [p — 5) terms to take out in L"^ +oo)^'x' norm, and any 5 others left in L^L^^ ^^-^ norm. 
For Ek , we deduce by a similar calculation like above and by the expression of Sk in l|4.5p that 



+00 



Summarizing from (|4.9p , we have shown 



max e('=+5)^»^|lX(z;)(r)|l^,, ^ e(^-+^)^«^||a^'f 11^5^10^ 



Since v e fc, s), i.e. K{v) ^ 1, then we have 



K{M{v)) ^ Cue 



C 



C 



First, choose k so that ^ 51 then take ife such that C^e a"** ^ i. Then maps B 
B{tk, k, s) into itself. 

It remains to show that is a contraction on B. If we w, w G B, we have 



Miv)-Miw) 



+ 00 



and 



SiVk +v)- S{Vk +^)^^ 



W{t - t') S{Vk{t') + v{t')) - S{Vk{t') + w{t')) 



dt' 



_9_ 

9x 



1=1 
9x L 



Under this form, a similar calculation Hke above allows us to conclude: the first term is treated like 
I, and each Q°'V^v'^w^ can be treated like Ila^jS^-y if we systematically take out the term A{v — w) 
by Holder's inequality. Hence we get, since there is no term in Sk, 

A{M{v) - M{w)) + Cke-""*"^ A{v - w). 
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Choosing if necessary a larger k, then a larger t^, we may assume that < i and C^e ^ ^, 
showing that is a contraction on B. Hence, step 2 is complete. 

Step 3. End of the proof. By the preceding step with s — 1, there exist fco and to such that 
there exists a unique solution of HgKdVP satisfying J7'^ G C°([io, +oo), i/^) and 

Ato,feo4(c^-^(i,2;)-Q(a;-t)-V,^„(t,a;-t)) 1. (4.10) 

Note that the fixed point argument still holds taking a larger to, and so the uniqueness remains 
valid, for any ^ to, in the class of solutions of ( gKdV l in C°([iQ, +oo), _ff^) satisfying (|4.10p . 

Finally, we can show proposition 14.51 Since U"^ is a solution of dgKdVD , it is sufficient to show 
that € C'^{[to, +oo), H") for any s; the smoothness in time will follow from the equation. Let 
s ^ 1: by step 2, if kg is large enough, there exist tg and U"^ e C^{[ts, +oo),H'') such that 

K^k^,s (p^{t, x) - Q{x -t)- V^^ (t, X - s$ 1. 



Of course, we may choose kg ^ fco + 1. But by construction of in proposition 14. 6^ we have 
{t, x — t) — {t, x — t)— X]j=feo+i 2,-^{x — t) where Z-^ G Ti, and so by similar calculation 

like in step 2, 

At.,fco,.(v,^,(i,a:-t)-V^„(t,a;-t)) ^Ce-**= s=: \ 
for tg large enough. Moreover, we have by definition of A (and since ko ^ kg — 1) 

Au,koAu) ^ e"''°*^Af^,fc^,,(u). 
Thus, if we choose tg large enough such that 6"*^"*= ^ ^, we get by triangle inequality 

At^M.i {U^{t, x) - Q{x ~t)- [t, a; - t)) ^ At^,k„s {u^{t, x) - Q{x - t) - V^, {t, x - t)) 
At^M,s {p^{t. - Q{x -t)- Vl it, x-t))+ At^^ko.s (Vfe^^ (t, x-t)- Viit, x-t))^ 1. 

In particular, satisfies (|4.10p for large tg. By the uniqueness in the fixed point argument, we 
have = U^, which shows that e C"([ts, +cx)), i/"). By the persistence of regularity of 
( |gKdV[ ) equation, G C^{\to,+oo),H''), where s ^ 1. In particular, by compactness on [ioj^s], 
there exists C = C{s) such that 

yt ^ to, \\U^{t,x) - Q{x -t)- V^Jt, X - t)\\^^ ^ c'e-*^+5)<=ot 

and so l|4.4p follows, which achieves the proof of proposition 14.51 



4.4 Uniqueness 

Now, the special solution being constructed, we prove its uniqueness, in the sense of the 
following proposition, which implies the second part of theorem ll.il 

Proposition 4.8. Let u he a solution of ( |gKdVP such that 

inf |lu(t)-Q(.-y)||^, — — -0. (4.11) 

Then there exist ^4 G M, to G M and xo G M such that u{t) = U^{t, ■ ~ xo) for all t^ to, where 
is the solution of ( jgKdVP defined in proposition \4.^ 

The proof of proposition 14.81 proceeds in four steps: first we improve condition (|4.1ip into an 
exponential convergence and we control the translation parameter, then we improve the exponen- 
tial convergence up to any order, and finally we adapt step 3 of [5] to ( [gKdVP to conclude the proof. 
A crucial argument for the first and third steps is the coercivity of [L-,-) under orthogonality to 
eigenfunctions of the adjoint of , proved in 0. 
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4.4.1 Adjoint of 

We recall that L is defined by La = —d^a + a — pQ^^^a and by = —dxL. In particular, the 
adjoint of is Ldx- Moreover has two eigenfunctions y±, with y± — ±eo3^± where eo > 0. 

Lemma 4.9. Let Z± = Ly±. Then the following properties hold: 

(i) Z± are two eigenfunctions of Ldx'- L{dxZ±) = ^e^Z±. 
(ii) {y+,Z+)^{y^,Z^)^Q and{Z+,Q')^{Z^,Q')^0. 

(Hi) There exists cti > such that, for all v £ such that {v,Z+) — = {v,Q') — 0, 

{Lv,v) ^ a-i||w||^i. 

(iv) One has {y+-, Z-) ^ and ((5',3^!^) 7^ 0. Hence one can normalize y± and Z± to have 

{y+,z^) = {y^,z+) = i, {Q',y^)>{) andstm Ly± = z±. 

(v) There exist (T2 > and C > such that for all v € , 

{Lv,v)^a2\\v\\l, - C{v,Z+f ~ C{v,Z^f ^ C{v,Q'f . (4.12) 

Proof. (i) It suffices to apply L to the equality —dx{Ly±) = ±eo3^±. 

(ii) We have {y±,Z±) - Tj;{dx{Ly±),Ly±) = and {Z±,Q') - {Ly±,Q') - {y±,LQ') = 
since LQ' — and L is self-adjoint. 

(iii) This fact is assertion (7) proved in 

(iv) If we had {y+,Z_) = (Z+,y^) = 0, then by (ii) we would have in fact (3^+ +3^_)±Z+, Z^,Q' 
since Q' is odd and y++y- is even, and so by (iii): {L{y++y^),y++y^) ^ ui \\y+ + y-\\]ji ■ 

But {L{y++y^),y++y^) = {Ly+,y+) + {Ly^,y^)+2{Ly+,y^) = {z+,y+) + {z^,y^)+ 

2(Z_|_,3^_) — 0, and so we would get ||3^+ + 3^_||j:^i — 0, i.e. y+ = —3^-, which is a 
contradiction with the independence of the family {y+ , ) . 

Similarly, if we had [Q' ,y'j^) — 0, we would have {Q" ,y+) — 0. Moreover we have {Q,y+) — 
{Ly+Y) = ^{LQ',y+) ^ 0, and so we would have 

(Q,z+) = iQ,Ly+) = iLQ,y+) - i-Q" + Q-pQp,y+) = -p{Q-Q",y+)^o. 

But we would also have ((5,Z_) = since Q is even and Z_ = Zj^. Since {Q,Q') — 0, 
we would finally have {LQ,Q) ^ criUQH^i by (iii). But a straightforward calculation gives 
{LQ, Q) = (1 — p) J QP'^^ < 0, and so a contradiction. 

Finally, if we note r] = (3^+, Z_) 7^ 0, then the normalization = -^3^-, Z^ = ^Z^ — Ly^ 
satisfies the required properties if ((5',3^+) > 0. Otherwise, it suffices to change y± and Z± 
in — 3'± and —Z± respectively. 

(v) Let V £ H^, and decompose it as 

V = ay+ + f3y^ + 7Q' + vj_ 

with a = iv,Z^), (3 - {v,Z+), 7 = \\Q'\\J[{v,Q') - aiy+,Q') ~ /3(3^-,g')] and t;^ or- 
thogonal to Z+, Z_, Q' by the previous normalization. We have by straightforward calcula- 
tion {Lv,v) = {Lv±,v±) + 2aP, and {Lv±,v±) ^ ciljwj.ll/fi by (iii), so we have {Lv,v) ^ 
ai\\v±\\fji — ~ 13'^ . Finally, we have by the previous decomposition of v that 

Mm ^ C{a' + f3^+j' + MWl,) ^ C'{a' + f3' + («, Q'f + \\v^\\l^) 



and so {Lv, v) ^ ai 



a — P , as desired. □ 
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4.4.2 Step 1: Improvement of the decay at infinity 

We begin the proof of proposition 14.81 here: let u be a solution of ( jgKdVP verifying l|4.1ip . 

• By lemma [2.10[ we can write e{t, x) — u{t, x + x{t)) — Q{x) for t ^ to with large enough, 
where e verifies ||e(i)||/f^i — > and e{t)J-Q' for all t ^ Iq. We recall that we have by 
proposition 12.151 

et - (Ls)^ = (x' - 1)(Q + e)^ + R{e) (4.13) 
where ||i?(e)||ii C||e||^i and \x' - 1| s$ 



a+{t)^ J Z+e{t), a^{t) ^ J Z^e{t) 



• Now consider 



where Z± are defined in lemma l4!9l Since ||e(i)||//i — > 0, we have of course a±(t) — > 0. 
The two remaining points will be to show that a±{t) control ||e(i)ll/fi i ^ind have exponential 
decay at infinity. 

• First, we recall the linearization of Weinstein's functional f lemma [2^ : 

FiQ + e) ^ FiQ) + ^{Ls,s) + Kie) 

where \K{e)\ ^C||e||^i. But F{Q + e) - F{Q) is a constant which tends to at infinity in 
time, and so is null, hence we get |(L£,£)| ^ C||£||^i. We now use (|4.12p . which gives since 
{e,Q')=0: 

{Le,e) > <J2\\e{t)\\l, - Ca^(t) - Cal(t) 

and so o'2|l£(i)|l^i — Ca^{t) — Ca'^{t) — C"||e(t)||'^i ^ 0. For to chosen possibly larger, we 
conclude that 

Mt)\\l.^Cialit) + a'^it)). 

• We have now to obtain exponential decay of a± to conclude the first step. If we multiply 
(|4.13p by and integrate, we obtain 

aV(t) - eoa+{t) = (x' - 1) J {Q + e)^Z+ + j R{e)Z+ = {x' - I) j e^Z+ + j R{e)Z+ 

by integrating by parts and using (i) and (ii) of lemma [4!9l By the controls of — 1| and 
i?(e),weget |q;'^ — ega+l ^ C||e||^i ^C{a'^ + a'^_). Doing similarly with Z_ , we have finally 
the differential system 

Ua\-eoa+\^C{a\ + a'_), (4.14) 
\ +eoa_| ^ C(a+ + a^). (4.15) 

• Now define h{t) = a+(t) — Ma'^_{t) where M is a large constant to define later. Multiplying 
(|4.15p by |q!_| (which can of course be taken less than 1), we get 

h'{t) = a'^{t) - 2Ma^{t)a'_{t) ^ eoa+ - C(a^ + a^_) + 2Meoa^_ - 2CM\a-\{a\ + a^_) 
^ eoh + MleW- - '^Ch^ - 2CM^at - C* o?_ - ACMh^ - 4CMV_|'^ - 2CM|a_|^ 

since {h + Ma^_)^ ^ 2{h'^ + M^ai). We now fix M = so that 

h' > eoh - 2Ch^ - iCMh^ + (2Meo - 2CM^a^_ - 4CMV_ |^ - 2CM|a_ 
Then for t large enough, the expression in parenthesis is positive, and so 

h' ^ cq/i — CMh^ ■ 
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Now take to large enough such that for t ^ to, we have CAjh^ ^ and suppose for the 

sake of contradiction that there exists ti ^ to such that h{ti) > 0. Define T = sup{t > 
ti I h{t) > 0} and suppose that T < +00: since h'(t) > eo (^h{t) — ^-^^^ for all t ^ to and 

of course h{T) = 0, we would have in particular h'(T) ^ 0, so h increasing near T, and so 
h(t) ^ for t G [T — £,T], which would be in contradiction with the definition of T. Hence 
we have T = +00, and so h{t) > for all t^ ti. Consequently, we would have h' {t) ^ ^h[t) 
for all t ^ ti, and so h{t) ^ Ce^*, which would be a contradiction with Hmt_^+oo h{t) — 0. 
Therefore we have h{t) ^ for all t ^ to- Since —a+ satisfies the same differential system, 
we obtain by the same technique: 'it ^ to, \a+{t)\ ^ Ma'^_{t). 

• Reporting this estimate in (|4.15p . we obtain 

\a'_{t)+eoa^{t)\^Cal{t) ^^\a^{t)\ 

for t large enough. In other words, we have |(e'^"*Q;_(<))'| ^ ^\e'^°*a^{t)\, and so by in- 
tegration: |a-(t)| < Ce~TO'=o*. By a bootstrap argument we get \a'_{t) + eoa-(t)| < 
Ce~To'^°'^\a^{t)\, and so still by integration, we get |e'^''*a_(t)| ^ C for all t ^ to, i.e. 
\a-{t)\ ^ Ce"*^"*. By the previous point, we also obtain 

Ce-^^"' (4.16) 
and finally \\e{t)\\]j^ ^ C{a\{t) + ai{t)) ^ Ce-^""'. 
For clarity, we summarize the results obtained so far. 
Lemma 4.10. If u is a solution of ( jgKdVD which verifies infj,gK \W(t) — Q{ 
then there exist a map x : i e K a;(t) G K, to G o,nd C > such that 

Vt ^ to, \\u{t, ■ + x{t)) - gil^i Ce-'°K 

4.4.3 Step 2: Removing modulation 

• From the previous point, we have in fact |(e'^''*a_(i))'| < Ce~'^"* G L^{[to,+oo)), and so 
there exists 

lim e^^^a-it) =: A G R 

t — >+oo 

with \e'^°'^a^{t) ~ A\ ^ Ce"''"* for t ^ to hy integration. Similarly, since \x'{t) — 1| < 
ClkWIIffi < Ce-'^o*, then 3 limj^+oo -t~.xoeR with \x{t) - i - xq] sC Ce^^"*. 

• Now consider the special solution constructed in proposition 14.51 defined for a to chosen 
possibly larger, and still write U^{t, x + t) — Q{x) + h^{t, x). Let 

v(t, x) = u{t, x + t + xo)- Q{x) - h^{t, x) u{t, x + t + xo) ~ U^{t, x + t). 

So we want to prove w = to complete the proof of proposition 14.81 We first give estimates 
on V using the previous estimates on e. 

• Since v{t, x) = e{t, x — {x{t) — t — xo)) — h^{t, x) + Q{x — {x{t) — t — xo)) — Q{x), then we 
simply obtain exponential decay for v for to large enough, by lemma 12.111 and exponential 
decay of h^: 

\Ht)\\m ^ \Hmm + \\h^it)\\H- + \\Q-Q{— {x{t) - t - xo))\\h^ 
<^ Ce-"°* + C\x{t) - t - xoK Ce^'^"*. 
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• Moreover, we can write 

u{t, x) = Q{x — x{t)) + e(t, X — x{t)) ~ Q{x ~ t ~~ xq) + h^{t, x ~ t — xq) + v(t, x ~ t — xq). 

If we denote a;(t, x) = Q{x— {x{t) — t — xq)) — Q{x) — {x{t) — t — xq)Q' [x) , we have ||ti>(t)||^oo < 
C[x{t) — t — xo) ^ Ce"^*^"* by Taylor-Lagrange inequality, and 

w(t, x) = {x{t) -t- xo)Q'{x) - h^{t, x) + e{t, x - {x{t) -t- a;o)) + uj{t, x). 

Moreover, we have for all a; g M and t ^ to: 

\e{t,x — {x{t) — t — Xq)) — s{t,x)\ — / dxe{t,s)ds 

J X 

< ^\x{t)~t~xo\ ■ IkWIlHi < Ce-*^"* 
by the Cauchy-Schwarz inequality. We have finally 

v{t, x) = {x{t) - t - xo)Q'{x) - h^{t, x) + e{t, x) + Lu{t, x) (4.17) 

where cu verifies ||ijj(t)||^oo ^ Ce"^*^"'. 

• Following the proof (v) in lemma l4!9t we now decompose 

vit,x) = a^{t)y^{x)+a^{t)y+ix)+Pit)Q'{x)+v^it,x) (4.18) 

with 

a^it) = I Z+v{t), a^{t) = I Z^v{t), (3{t) = WQTJ j (v{t) - a^(i)J^_ - a^{t)y+)Q' . 

Hence we have (vj_, Q') — Z^) — {v^, Z_) = 0, and so by (iii) of lemma ITOl 

{Lv^,vi_)^ni\\vi_\\\,. (4.19) 

• Multiplying (|4.17p by Z±, we obtain information on a^. Indeed, since {Z±,Q') = 0, then 
we have 

a± = -{h^, Z±) +a± + (w, Z±). 

But \{h^,Z+)\ Ce-2eot since {y+,Z+) = 0, and |a+| Ce-^^"* by (lilfill . hence «C 
Ce-i'^"*. Similarly, (3^+,Z_) = 1 implies that K^i"^,^-) - Ae-""*] Ce'^'^o*, and since 
\a- - Ae'""*] < Ce'"^""*, we also get ^ Ce'^*""*. To sum up this step, we have l|4.18p 
with the following estimates for t ^ to: 

\a^{t)\ SC Ce-i^°*, \a^it)\ Ce-i'"\ ||w(i)||^i s=: Ce"^"*. (4.20) 
In (|4.20p . it is essential to have obtained estimates better than Ce~'^"* for (see next step). 

4.4.4 Step 3: Exponential decay at any order 

• We want to prove in this section that v decays exponentially at any order to 0. In other 
words, we prove: 

V7 > 0,3C-, > 0,Vi ^ io, \\v{t)\\j^, ^C^e-''*. (4.21) 

It has been proved for 7 = eo, so that it is enough to prove it by induction on 7 ^ bq: 
suppose that \\v{t)\\jji ^ Ce"'>'* and let us prove that it implies \\v{t)\\jji ^ C"e"(^+^'^'')*. 
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Since u and are solutions of |gKdV|, v verifies the following equation: 



dtv - d,v + dlv + {Q + h'^ + vY -{Q + h^f 



(4.22) 



But 



(Q + + vY -{Q + h^Y = piQ + h^Y~'^' + E @ + ^ 

= pQ^~^v + x)v + ^2(^1 



where c.i(t,a;) - p (E£i J and u;2it,x) = EL2 (D (Q + 

Since H/i-^WH^oo C'll '^'^ W Li «^ Ce-'=o* and ||w(i)||ioo < ^11^(^)11^1 < C, we have the 
estimates 

< Ce-^"*, ||c.2(t)ILoo s=: C, (4.23) 

and l|4.22p can be rewritten 

dtv + v + dx[uji{t,x)v] +d^[u2{t,x)v'^] = 0. (4.24) 

If we multiply (|4.24p by Z+ and integrate, we get a^' — eoa^ = J ojivZ'^ + J uj2v'^ Z'^, and 



-eoafi |ki(t)||ioo |k(t)||i=. ||^;||^i + ||c^2(t)|li=o ||«(t)L 
Consequently, we have |(e^'^"*Q;^)'| ^ (7g-(7+2eo)t^ g^j^^ since e^^°*a^(t) 



2 II 7' II 



by 620]), 

t — >+oo 

we get by integration |a+(t)| ^ Ce^^'''+'^°^*. 

Multiplying l(T24| by Z_, we obtain similarly \aj: + eoa^| < Ce"(''+'=°)*, and so \a^{t)\ < 

Ce-(^+'=o)*, since |e^o*af (i)| Ce^^'^"* > still by (lilM . 

t — ^+00 

We now want to estimate \[Lv,v)\. To do this, we rewrite l|4.22p as 



dtv + dx 



dlv~v+{Q + h^ + vY -{Q + h^Y 



multiply this equality by the expression in the brackets and integrate, to obtain / dtV 

[dlv -v+{Q + h'^ + vY - {Q + h'^Y] = 0- In other words, if we define 



m = \ J + \ J v^-J ^^{Q + h-' + vY^' + J v{h^ + QY + J ^,{h^ + Q) 



we have: F'{t) = - J dth"^ ■ \ {Q + /i^ + vY - (Q + /i^) - pv{Q + h"^) 

But /i^ verifies (gJl) by definition, so dth"^ = + d^h"^ - pd^iQP-^h^) + R{h^). 

Moreover, by proposition l4.5t there exists C > such that for all t ^ to, we have ||/i^(t)||^4 ^ 
(7g-eot_ -^g deduce that 



\dth' 



Therefore \F'{t)\ C||at/i'^||^||u(t)||^2 < Ce-(27+eo)t^ and so \F{t)\ s$ Ce-(27+eo)t by 

integration, since limj^+oo ^(i) — 0. Moreover, by developing (Q + + vY^^ in the 
expression of F, we get 

^ r „ , ^ P±} /^^^\ r 



uj^{t,x)v^ 



fe=3 



p + 1 
k 



^{Lv,v) ~ i / uJi{t,x)v^ 
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where uji defined above and uj2{t,x) ~ j^J^l—s {^t^){Q + h'^Y^^ ^v'' ^ verify the esti 
mates < Ce"*^"* and ||tZ)2(i)||ioo ^ C. Hence we have 



F{t)--{Lv,v) 



Thus, we finally obtain \{Lv,v)\ Ce-(27+eo)t. 

• The previous points allow us to estimate llwiH^i. Indeed, we have by straightforward cal- 
culation from (|4.18p the identity 

{Lv,v) = (Lw_L,t'±) + 2a^a^, 

and so \{LV^,V1_)\ < \{Lv,v)\ + 2|a^| • la:^! S: Ce-(27+eo)t + ^g-(27+2eo)i <; ^e-(27+eo)t. 

But from l(4J9l) . we deduce that cri||w_L||^i Ce-^^T+^o)*^ ^nd so ^ Ce-('^+^««)*. 

• To conclude this step, it is now enough to estimate since the conclusion will then 
immediately follow from decomposition (|4.18p . To do this, we first multiply (|4.24p by Q' 
and integrate, so that 

\{dtv,Q') + {v,Q')\^\\u^mL^\\vmL^\\Q'^\L^ + \\^2mL^^^^^^ 

Moreover, by applying to l|4.18p . we get v ~ — coa^J^- + e^a^y^ + v±, and so 

\\Q'\\l.P'{t) = [dtv - a^y^ - a^'y+, Q') 

= {dtV + V, Q') - (-eoa^J^- + eoa^y+ + a^'y^ + a^'y+, Q') - {v^, Q') 
= [dtV + V, Q') - {a^ - eoa^){y-M') - («-' + eoa^)(3^+, Q') + K, ^Q")- 
Finally, we obtain thanks to all previous estimates: 

\P'{t)\ ^ C\{dtv + V, Q')l + C\ai' - eoa^l + C\a^' + eoa^\ + C\\v^\\^, 

and so \l3{t)\ < Ce"(''+5eo)t by integration. 

4.4.5 Step 4: Conclusion of uniqueness argument by contraction 

• The final argument, which corresponds to step 3 in [5], is an argument of contraction in 
short time. In other words, we want to reproduce the contraction argument developed in 
section U.S. 21 on a short interval of time, with suitable norms. 

Define w{t, x) — vit, x — t), so that (|4.22p can be rewritten 



dtw + dlw = -dx 



{Q{x -t) + h'^it, x-t)+wY - {Q{x -t) + h^{t, X - t)Y 



If we denote ^wit, x) = 'YTk=i (D {Q{^ ~ ^) + '^'^(^i ^ ^ t)Y ^"^^i^i 2;), then the equation on 
w can be rewritten 

dtW + dlw = -dx{^w)- 
Moreover, we have by previous steps: V7 > 0, 3C-y > 0,Vi ^ Iq, \\w{t)\\H^ ^ C^e^"'*. 
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Now let ^1 ^ to, T > to fix later, and I = {ti,ti + t). Moreover, consider the non-linear 
equation in w: 

j dtw + dlw = -dxi^w), 

I W{tl +t)= W{tl+T). 



(4.25) 



Note that w is of course a solution of (|4.25p . associated to a solution u of (gKdVl in the 
sense of [9]. 

Then for i G /, we have the following Duhamel's formula: 

rti+r 



w{t) ^ M^iw)it) ■~W{t~ti~T)w{ti+T) + J W{t-t')d^[nii,{t')]dt'. 

Similarly as in section |4.3.2[ we consider 

nI{w) = sup||w(0||hi, Ni{w) = 11^11^5^10 + \\d.^w\\^,^io, 
tei " ' " ' 

K\w) = inax{N({w),N^{w)), 

and we prove that for ti large enough, t small enough independently of ti, and > 1 to 
determine, w i— > A4^{w) is a contraction on 

B ^ {w eC^{I,H^) I A'{w) ii3K\\w{ti+T)\\j^,}. 

In other words, we want to estimate {M^ (w) ) in terms of A^{w), and as in section U.S. 21 
we estimate only the term 



d^M'iw)it) = Wit - ti - T)dMti + ^) + ^ 



tl+T 



w{t-t')d^[n^{t')]dt' 



in LfL^. and L^L^ norms. The term {w){t) is treated similarly. 
Firstly, for the linear term, we have 

\\w{t-ti-T)dMti + T)\\^, = \\dMti + T)\\L2 ^ \\w{ti + T)\\H,, 
\\w{t -ti- T)dMti + r)\\LSLio ^ c\\dMti + t)\\l2 < c\\witi + t)||^i, 

X I 

since W is unitary on and by the Hnear estimate (2.3) of [lOj: || W^(t)uo||x,5iio ^ C||uo|Il2. 

For the non linear term, we have to use estimates similar to (|4.ip and (|4.2p . We obtain easily 
by a similar proof that for all g G L^L^, 



d 



tl+T 



dx Jt 
Hence we get 



W{t~-t')g{x,t')dt' 





-1 


+ 


dx Jt 



rti+T 



W{t - t')g{x, t') dt' 



^ C\\g\\ 



-§^jl'^^w{t-t')d,\n,,{t')]dt' 
ii!l'^'w{t~t')d.An^{t')]dt' 



^ c\\d.,(n,^)\\ 
^ c\\d^{^^)\\ 



We deduce that we only have to estimate ||(?j;(ri^)|j^i^2. There are many terms to estimate, 
so as in section [4.3.21 we only treat three typical terms: A — \\dxW ■ w* ■ ^^""'^11^1^2, B — 

\\d.,w ■ {h^Y'\t,x- t)\\^,^,, D - \\d,w ■ QP-\x - t)hiL2. 

For A, we have by Holder's inequality: 
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Indeed, we have 

A\w) ^ 3J^|lu;(ti +t)|1^i s; Ce"""*! 1 

for ti large enough, by exponential decay of w in H^. In particular, we have iV^ (w) ^ 1 and 
\\w\\1~Jl^ < CNl{wf~^ ^ Ce-'^"*! since p - 5 ^ 1. 
For B, we write similarly 



B «C \\h^ 



■CO ioo \\d^w\\ i5ilo|l/l^(t, X ~ t)\\ ^5^10. 



Moreover, we have by construction of (see section l4.3.2p . H^'^H^oo^^oc ^ Ce '^"'^ since 
^ Ce-^o* < Ce-^o*i for i ^ ii and p - 5 ^ 1, and 

Note that the estimate \\Vi^{t,x — t)\\^^^j^g < Ce"'^''*^ follows from the paragraph on 

^ [tl, + oo) 

IIp_2,i,i in section U.S. 21 

For D, we use exponential decay of Q to write 



D^Cy" J j^e~'^\''~^\{d^wf dtdx f^C J' e"" J J^e-^*{d^wf dtdx 



C Jj '^^'^^ + Y _^ (^^^)^ ^^^^ = Di + Da + D3. 



n+oo 
'tl+r 

But by the Cauchy-Schwarz inequality, we get 



Di s; Ce'' e-2* y (9:^^)^ dxdt Ce*'N({w)^ 6-2* <; C\/7iV/ 
D2 < Ce-(*i+^yy e2* y" {d^wfdxdt^i Ce^^''+'''>N({w)^jJ\^t ^ CVTn({w), 

D3 s; / / {d^wfdxdt Ctn({w). 



I J I 



Hence we obtain D ^ C^/tNI {w). 
• In conclusion, we have shown that there exist ii', Ci, C2 > such that 

K\M\w)) SC K\\\w{h + t)\\^, + Cie-^^'*' {w) + C2V^k\w) 

Now fix r = qc\k^ ^'^^ ^1 ^^^^ Cie"*^"*! ^ thus we get 

KHM\w)) ^ K\\w{t^ + r)||^i + '^K\w). 

We conclude that maps S into itself for this choice of ii, r, K. We prove similarly that 
A^^ is a contraction on B, and so there exists a unique solution w € B oi l|4.25p . 
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• Now we identify w and w. It is well known for |gKdV| that for regular solutions (H^), 
uniqueness holds by energy method. Since w and w are both obtained by fixed point, we 
get w = w hy continuous dependence, persistence of regularity and density. In particular, 
w € B, and so 

\\witi)\\H^ ^N({w) ^ A^H ^SK\\w{h+T)\\^,. 

To conclude the proof, we fix t ^ ii, and we remark that a simple iteration argument and 
the exponential decay at any order of w show that for all n e N, we have 

We finally choose 7 large enough so that SKe^'^'^ ^ ^. Thus, 



i.e. \\w{t)\\^i = 0. This finishes the proof of proposition 14.81 

4.5 Corollaries and remarks 
Corollary 4.11. Let c> 0. 

1. There exists a one-parameter family {U^)j^^^ of solutions of ( |gKdV[ ) such that 

VA e M,3to e K,Vs e R,3C > 0,Vt > to, \\U^{t,-+ct) - Q^Whs Ce"''°'='^'*. 

2. If Uc is a solution of ( |gKdVP smc/i t/iat limf^+oo infj^gR ||uc(t) ^ Qc(- ~ J/)||^fi = 0, t/ien 
t/iere ea;ist yl G M, to G K and xo G M smc/i t/iat Uc{t) — U^{t, ■ — a;o) for t ^ to. 

Proof. The proof, based on the scaling invariance, is very similar to the proof of corollary 13.141 
We recall that if u{t, x) is a solution of | gKdV | , then u{X^t, Xx) with A > is also a solution. 



1. We define by U^{t,x) — CP-^U^{c?/'^t, ^x), where is defined in theorem [LTI 
Since U^{^/^t, ^cx + ^/^t) = Q[^cx) + Ae-^°''''^'y+[^cx) + 0(e"2^«^'^'*) and Qc{x) = 
Cp^Q{^/cx), then satisfies 

U^{t,x + ct) = Qe(2;) + Ac5^e-^«='''*:y+(V^x) +0(e-2^°^'^'*). 

2. Let u be the solution of dgKdVD defined by u{t, x) = c~~Uc i^-^^, • Then we have 

, , , , L- ft x \ f X ~ y 

u(t,X) - Q[X - y) ^ C P-^Uc [ ^rjir,—j= ] - c p-^Q 



for all y G M, and so like in the proof of corollary 13. 14^ 



mi \\uit)-Q{--y)\\^, ^K{c) inf 



> 0. 



Therefore by theorem II. ![ there exist A G M and xo G M such that u{t,x) = U^(t,x — xq), 
and so finally Uc{t, x) = (t, x - □ 

Proposition 4.12. Up to translations in time and in space, there are only three special solutions: 
, and Q. More precisely, one has (fort large enough in each case): 

(a) IfA>0, then U^{t) = U^{t + tA, • + for some tA G M. 
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(b) IfA = 0, then U°{t) = Q{--t). 

(c) IfA<0, then C/^(i) = U-^{t + tA, ■ + tA) for some tA G M. 
Proof, (a) Let A > and denote = — . Then by proposition 14. 5^ 

U^{t + tA,x + t + tA) = Q(x) + e-^«(*+*-^)3;+(x) + 0(e-2'=«*) = Q(a;) + Ae-^«*3;+(x) + 0(e-2^«*). 

In particular, we have Umj^+oo infyeR + ^a) ^ Q{- — — Oi ^ind so by proposition 

14.81 there exist A e M and xq G M such that U^{t + tA) = U^{t, • -xq). But still by proposition 
1431 we have U^{t + tA,x + t ^Ia) = U^{t,x + t + tA-xo) = + - a:^o) + -4e"'=«*3^+(x + 

Q{x + tA~ xo) + Ie-^"*3;+(a; + - 2:0) + O(e-2<=o*) = Q{x) + Ae-''"'y+{x) + 0(6-^"°'). 

The first order imposes xq = Ia, since jjQ — Q{- +tA — 2;o)||^i ^ Ce"*^"* and so lemma [2.111 
applies for t large. Similarly, the second order imposes A — A, as expected. 

(b) Since infj^gR \\Q{- —t) — Q{- — — 0, then proposition 14.81 applies, so there exist A e M 
and Xo € M such that Q{x — t) — U"^{t, x — xq)- Hence we have by proposition 14.51 

U-^it, x + t) = Q{x- Xo) = Q{x) + Ae^^'y+ix) + 0{e-^^°'). 

As in the previous case, it follows first that xq — 0, then A — 0, and so the result. 

(c) For A < 0, the proof is exactly the same as A > 0, with —A instead of A. □ 

We conclude this paper by two remarks, based on the following claim. The first one is the fact 
that U~^{t) is defined for all t G R, and the second one is the identification of the special solution 
w{t) constructed in section [3] among the family {U^) constructed in section [H 

• 1 1 4 1 1 2 2 A 

Claim 4.13. For all c > 0, ||92:[/^(t)||^2 ~ IIQcIIl^ ^'^^ ^^9^ of A as long as U^{t) exists. 
Proof. • From corollarv l4.11l we have 

d^U^it, x + ct)^ Q'^ix) + Ac^e-^«^'^'*3^;(V^.x) + 0(e-2^«='''*) 

and so 

P'^U^iMl^ - WQ'cWl^ = 2Ac^e-^«^'''*y Q',ix)y'+iyrcx)dx + Oie-^''"-"'''). 

But / Q'^{x)y'^{y/cx) dx = J Q' {y)y'+{y) dy > by the substitution y = ^fcx and the 

normalization chosen in lemma [4!9j and so (t)||^2 ~ IIQcIIl2 has the sign of A for t 

large enough. 

• It remains to show that this fact holds as long as Uf{t) exists. For example, suppose that 
II /I 1 1 2 2 

A > and so \\d^U^{t)\\^^-\\Q'J\l2 > for i ^ ti, and suppose for the sake of contradiction 
that there exists T < ti such that U^{T) is defined and ||a^f/^(T)||^2 = WQcWl^- Since 
\\U^{t,-+ct)-Qc\\jj, — > 0, then by and ([O]), we also have ||f/c^(r)||^2 = ||Qc|Il2 
and E{Uf{T)) = E{Qc). In other words, we would get by scaling 

||C/-^(r)||^. - IIQII^., ||9,[/^(T)||^, = IIQ'II^. and E{U^{T)) ^ E{Q). 
But the two last identities give in particular /C/^(T)^+^ = / Qp+^ , and so by (HI 

\\U^{T)\Cl ^ \\Q\\lXl,^CGAp)\\Q^\'f\\Q\\T=CGAp)\\d.U^{T)\^^ 
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Still by 1(131), we get (Ao,ao,6o) e K x M x R such that U'^{T,x) = aoQ(Ao2; + 60). But 



\\U^{T)\\^, = \\Q\\^2 and \\d^U^{T)\\^, = ||Q'||^2 impose Aq = 1 and gq e {-1,1}. Thus, 

by uniqueness in ( |gKdV[ ) , U"^{t,x) = ±Q{x — t + T + bo) for all t ^ T. In particular, 

II d 1 1 2 2 

\\d,U^{t)\\^, = WQ'cWh for t > which is a contradiction. The cases ^ = and A < are 
treated similarly. □ 

Remark 4.14. Let us now notice that is globally defined, i.e. U^^{t) exists for all i e M. 
By the blow up criterion and the mass conservation, it is enough to remark that ||9a;C/^^(t)|L2 is 
bounded uniformly on its interval of existence, which is an immediate consequence of claim f4T3l 
since \\d^U^^t)\\^^ < \\Q'\\l2 for all t. 

Remark 4.15. As noticed in remark [2. 13[ we can chose A„ = 1 — ^ in the definition of uo.n in 
section [31 We still call w{t) the special solution obtained by this method for this new initial data. 
In this remark, we prove that w = up to translations in time and in space. We do not know 
if can be obtained similarly by a compactness method. We recall that UQ^nix) — XnQ{XnX), 
Un{Tn, ■ + a;„(T„)) wo 7^ Qc+ and \\w{t, ■ + p{t)) - Qc+||^i — > 0. 

• First note that / Mo^„ — Xf^ J Q'^ < / Q'^ for 71 ^ 2, and let us prove that ||92;(u„(r„))||^2 < 
IIQ'11^2 for n large enough. Otherwise, there would exist n large and T e [0,T„] such that 
\\d^iu.n{T))\\^2 = |lQ'||i2 and E{uo,n) < E{Q). But we have by 

EM = E{urXT)) = \j idAnniT)) f - ^ / <+'(r) = \ j Q'^ - ^ j <^'(^) 



Hence, as \\un{T)\\^2 = ||wo,„||i2 ||Q|lz,2 by 



p-l 



which would be a contradiction with the Gagliardo-Nirenberg inequality (|1.3p . 

• Since u„(T„, • + a;„(r„)) wq in , we obtain ||woIIl2 =^ IIO'IIl^ and ||wo|Il2 ^ ||Q|Il2 by 
weak convergence. But • + p{t)) — Qc+ ||^i — > implies by l|l.ip and l|2.ip that 

thus c+ ^ 1, and so Ww'X- < ||Q'||^2 = c;^||Q^J|'^, < WQ'cJI, by dJ. 

• Finally, since • + — Qc+ ||^i — > 0, corollary 14.111 appHes. and so there exists 
A e M such that w — U^^ up to a translation in space. But the conclusion of the previous 
point and claim [4T3l impose A < (note that A 7^ since wq 7^ Qc+), i.e. w = up to 
translations in time and in space by proposition 14. 121 
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